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Abstract 

We consider a random planar map M„ which is uniformly distributed over the class 
of all rooted g-angulations with n faces. We let m„ be the vertex set of Mn, which is 
equipped with the graph distance dgr- Both when g > 4 is an even integer and when q = 3, 
there exists a positive constant Cq such that the rescaled metric spaces (m„, Cgn~^/^dgr) 
converge in distribution in the Gromov-Hausdorff sense, towards a universal limit called 
the Brownian map. The particular case of triangulations solves a question of Schramm. 
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1 Introduction 

In the present work, we derive the convergence in distribution in the Gromov-Hausdorff sense 
of several important classes of rescaled random planar maps, towards a universal limit called 
the Brownian map. This solves an open problem that has been stated first by Oded Schramm 
[26] in the particular case of triangulations. 

Recall that a planar map is a proper embedding of a finite connected graph in the two- 
dimensional sphere, viewed up to orientation-preserving homeomorphisms of the sphere. Loops 
and multiple edges are allowed in the graph. The faces of the map arc the connected components 
of the complement of edges, and the degree of a face counts the number of edges that are incident 
to it, with the convention that if both sides of an edge are incident to the same face, this edge is 
counted twice in the degree of the face. Special cases of planar maps are triangulations, where 
each face has degree 3, quadr angulations, where each face has degree 4 and more generally 
g-angulations where each face has degree q. For technical reasons, one often considers rooted 
planar maps, meaning that there is a distinguished oriented edge, whose origin is called the root 
vertex. Since the pioneering work of Tutte [28], planar maps have been studied thoroughly in 
combinatorics, and they also arise in other areas of mathematics: See in particular the book of 
Lando and Zvonkin [12] for algebraic and geometric motivations. Large random planar graphs 
are of interest in theoretical physics, where they serve as models of random geometry [3], in 
particular in the theory of two-dimensional quantum gravity. 

Let us introduce some notation in order to give a precise formulation of our main result. 
Let g > 3 be an integer. We assume that either g = 3 or g is even. The set of all rooted 
planar ^'-angulations with n faces is denoted by A'^. For every integer n > 1 (if = 3 we must 
restrict our attention to even values of n, since is empty if n is odd), we consider a random 
planar map M„ that is uniformly distributed over A^^. We denote the vertex set of M„ by 
m„. We equip m„ with the graph distance dgr-, and we view (m„,(ig,.) as a random variable 
taking values in the space K of isometry classes of compact metric spaces. We equip K with 
the Gromov-Hausdorff distance doH (see e.g. [6]) and note that (K, dan) is a Pohsh space. 



2 



Theorem 1.1. Set 



if q is even, and 

There exists a random compact metric space {mao,D*) called the Brownian map, which does 
not depend on q, such that 

(nioo, D*) 

n— >-oo 

where the convergence holds in distribution in the space K. 

Let us give a precise definition of tlie Brownian map. We first need to introduce tlie random 
real tree called the CRT, which can be viewed as the tree coded by a normalized Brownian 
excursion, in the following sense. Let (es)o<s<i be a normalized Brownian excursion, i.e. a 
positive excursion of linear Brownian motion conditioned to have duration 1, and set, for every 

s,te[0, 1], 

dJs, t) — Bg + Bt — 2 min e^. 

sAt<r<sVt 

Then de is a (random) pseudo-distance on [0,1], and we consider the associated equivalence 
relation for s,t e [0, 1], 

s ~e ^ if and only if de{s, t) = 0. 

Since ~e 1, we may as well view ~e as an equivalence relation on the unit circle S^. The 
CRT is the quotient space 7^ := S^/ ~ei which is equipped with the distance induced by de- 
We write for the canonical projection from onto %, and p = Pe(l)- If M,f G S^, we let 
[u, v] be the subarc of going from m to w in clockwise order, and if a, 6 G Te, we define [a, b] as 
the image under the canonical projection of the smallest subarc [u, v] of such that Pe{u) = a 
and Pe{v) — b. Roughly speaking, [a, b] corresponds to the set of vertices that one visits when 
going from a to 6 around the tree in clockwise order. 

We then introduce Brownian labels on the CRT. We consider a real-valued process Z — 
{Za)aeTB indexed by the CRT, such that, conditionally on %, Z is a centered Gaussian process 
with Zp = and E[{Za — Zi,y] = de{a, b) (this presentation is slightly informal as we are 
considering a random process indexed by a random set, see subsection 2.4 for a more rigorous 
approach). We define, for every a,b 

D°(a, b) — Za + Zh — 2 max ( min Z^, min Z^. ) , 

V cG[a,6] c€[b,a] / 

and we put a ~ 6 if and only if D°{a, b) = 0. Although this is not obvious, it turns out that ~ 
is an equivalence relation on Te, and we let 

moo Te/ ^ 
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be the associated quotient space. We write 11 for the canonical projection from 7^ onto rrioo. 
We then define the distance on by setting, for every x,y & 

k 

D*(a;,2/) = inf|^D°(a,_i,a,)}, (1) 

i=l 

where the infimum is over all choices of the integer k > 1 and of the elements Oq, Oi, . . . , Ofc of 
% such that n(ao) = x and n(afc) = y. It follows from [15, Theorem 3.4] that D* is indeed a 
distance, and the resulting random metric space (nioo, D*) is the Brownian map. 

The present work can be viewed as a continuation and in a sense a conclusion to our preceding 
papers [15] and [16]. In [15], we proved the existence of sequential Gromov-Hausdorff limits 
for rescaled uniformly distributed rooted 2p- angulations with n faces, and we called Brownian 
map any random compact metric space that can arise in such limits (the name Brownian map 
first appeared in the work of Marckert and Mokkadem [21] which was dealing with a weak form 
of the convergence of rescaled quadrangulations). The main result of [15] used a compactness 
argument that required the extraction of suitable subsequences in order to get the desired 
convergence. The reason why this extraction was needed is the fact that the limit could not be 
characterized completely. It was proved in [15] that any Brownian map can be written in the 
form (nioo, D), where the set nioo is as described above, and D is a distance on nioo, for which 
only upper and lower bounds were available in [15, 16]. In particular, the paper [15] provided 
no characterization of the distance D and it was conceivable that different sequential limits, 
or different values of q, could lead to different metric spaces. In the present work, we solve 
this uniqueness problem by establishing the explicit formula (1), which had been conjectured 
in [15] and in a slighly different form in [21]. As a consequence, we obtain the uniqueness of 
the Brownian map, and we get that this random metric space is the scaling limit of uniformly 
distributed g-angulations with n faces, for the values of q discussed above. Our proofs strongly 
depend on the study of geodesies in the Brownian map that was developed in [16]. 

At this point one should mention that the very recent paper of Miermont [24] has given 
another proof of Theorem 1.1 in the special case of quadrangulations (g = 4). Our approach 
was developed independently of [24] and leads to more general results. On the other hand, the 
proof in [24] gives additional information about the properties of geodesies in irioo , which is of 

independent interest. 

Let us briefly sketch the main ingredients of our proof in the bipartite case where q is even. 
Prom the main theorem of [15], we can find sequences {nk)k>i of integers converging to oo such 
that the random metric spaces (mn^.,Cqn^^^'^dgr) converge in distribution to (irioo,!?), where 
D is a distance on nioo such that D < D*. Additionally, the space {m^,D) comes with a 
distinguished point x*, which is such that, for every y e nioo, ^-nd every a & % such that 
n(a) = y, 

D{y,x^) = D*{y,x^) = Za - minZ. 

The heart of the proof is now to verify that D = D*. To this end, it is enough to prove that 
D{y,y') = D*{y,y') a.s. when y and y' are distributed uniformly and independently on nioo 
(the word uniformly refers to the volume measure on nioo, which is the image of the normalized 
Lebesgue measure on under the projection 11 o p^). By the results in [16], it is known that 
there is an almost surely unique geodesic path {T{t), <t < D{y, y')) from y to y' in the metric 
space (nioo, D). 
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Proving that D(y, y') = D*[y, y') is then essentiaUy equivalent to verifying that the geodesic 
r is well-approximated (in the sense that the lengths of the two paths are not much different) 
by another continuous path going from y to y', which is constructed by concatenating pieces 
of geodesies towards the distinguished point x*. To this end, we prove that, for every choice 
of r > £ > 0, and conditionally on the event {D{y,y') >r-\-e}, the probabihty that we have 
either 

L>(x*,r(r)) = D(a;„r(r + £)) +£ or D{x^,T{r)) = D{x^,T{r- - e)) + e (2) 

is bounded below hy 1 — when e is small, where /9 > is a constant. If (2) holds, this means 
that there is a geodesic from to r(r) that visits either T{r — e) or T{r + e) and then coalesce 
with r. This is of course reminiscent of the results of [16] saying that any two geodesic paths 
(starting from arbitrary points of moo) ending at a "typical" point x of irioo must coalesce 
before hitting x. The difficulty here comes from the fact that interior points of geodesies are 
not typical points of nioo and so one cannot immediately rely on the results of [16] to establish 
the preceding estimate (though these results play a crucial role in the proof). 

As in many other papers investigating scaling limits for large random planar maps, our 
proofs make use of bijections between planar maps and various classes of labeled trees. In 
the bipartite case, we rely on a bijection discovered by Bouttier, Di Francesco and Guitter 
[4] between rooted and pointed 2p-angulations with n faces and labeled p-trees with n black 
vertices (see subsection 2.1, in the case of triangulations we use another bijection from [4], 
which is presented in subsection 8.1). A variant of this bijection allows us to introduce the 
notion of a discrete map with geodesic boundaries (DMGB in short), which roughly speaking 
corresponds to cutting the map along a particular discrete geodesic from the root vertex to the 
distinguished vertex. This cutting operation produces two distinguished geodesies, which are 
called the boundary geodesies. The notion of a DMGB turns out to play an important role in 
this work, and is also of independent interest. The general philosophy of our approach is that 
a large planar map can be obtained by gluing together many DMGBs along their boundary 
geodesies. 

To complete this introduction, let us mention that the idea of studying the continuous limit 
of large random quadrangulations first appeared in the pioneering paper of Chassaing and 
Schacffcr [7], which obtained detailed information about the asymptotics of distances from the 
root vertex. The results of Chassaing and Schaeffer were extended to more general classes of 
random maps in several papers of Miermont and his co-authors (see in particular [20, 23]), 
using the bijections with trees found in [4]. All these results are concerned with the profile 
of distances from a particular vertex of the graph, and do not provide enough information 
to understand Gromov-Hausdorff limits. The understanding of these limits would be possible 
if one could compute the asymptotic /c-point function, that is the asymptotic distribution of 
the matrix of mutual distances between k randomly chosen vertices. In the particular case of 
quadrangulations, the asymptotic 2-point function can be derived from the results of [7], and 
the asymptotic 3-point function has been computed by Bouttier and Guitter [5]. However, the 
extension of these calculations to higher values of k seems a difficult problem. 

As a final remark, Duplantier and Sheffield [10] recently developed a mathematical approach 
to two-dimensional quantum gravity based on the Gaussian free field. It is expected that this 
approach should be related to the asymptotics of large planar maps. The very recent paper 
[27] contains several conjectures in this direction. Another very appealing related question is 
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concerned with canonical embeddings of the Brownian map: It is known [18] that the space 
(nioo, D*) is a.s. homeomorphic to the 2-sphere S^, and one may look for a canonical construc- 
tion of a random distance d on §^ such that (nioo, D*) is a.s. isometric to (S^, d). The random 
distance d is expected to have nice conformal invariance properties. Hopefully these questions 
will lead to a promising new line of research in the near future. 

The paper is organized as follows. Section 2 recalls basic facts about the coding of 2p- 
angulations by labeled trees, and known results from [15] and [16] about the convergence of 
rescaled 2p-angulations. Section 3 discusses discrete maps with geodesic boundaries and their 
scaling limits. In Section 4, we prove the traversal lemmas, which are concerned with certain 
properties of geodesies in large discrete maps with geodesic boundaries. Roughly speaking 
these lemmas provide lower bounds for the probability that a geodesic path starting from a 
point of one boundary geodesic and ending at a point of the other boundary geodesic will share 
a significant part of both boundary geodesies. Section 5 proves our main estimate Lemma 
5.3, which bounds the probability that (2) does not hold. Section 6 gives another preliminary 
estimate relating the distances D and D*, which comes as an easy consequence of estimates 
for the volume of balls proved in [16] (a shghtly different approach to the result of Section 6 
appears in [24]). Section 7 contains the proof of Theorem 1.1 in the bipartite case where q is 
even. The case of triangulations is treated in Section 8, and Section 9 discusses extensions, 
in particular to the Boltzmann distributions on bipartite planar maps considered in [20], and 
open problems. Finally, the Appendix provides the proof of two technical lemmas. 

2 Convergence of rescaled planar maps 

2.1 Labeled p-trees 

A plane tree r is a finite subset of the set 



of all finite sequences of positive integers (including the empty sequence 0), which satisfies the 
three following conditions: 



(ii) for every v = {ui, . . . , u^) € r such that k > 1, the sequence {ui, . . . , Uk-i) also belongs 
to r . . . , is called the "parent" of v); 

(iii) for every v = {ui, . . . , Uk) G r there exists an integer fc„(r) > such that, for every j G N, 
the vertex vj := {ui, . . . , Uk,j) belongs to r if and only if 1 < j < A;^(t) (the vertices of 
the form vj with 1 < j < K{t) are called the children oi v). 

For every v = {ui, . . . , Uk) G N, the generation of v is |-;;| = k. The notions of an ancestor and a 
descendant in the tree r are defined in an obvious way. By convention a vertex is a descendant 
of itself. 



oo 




n=0 



(i) 



G r; 
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Throughout this work, the integer p > 2 is fixed. A p-tree is a plane tree r that satisfies the 
following additional property: For every v & t such that |f | is odd, A:^(t) — p — 1. 



If r is a p-tree, vertices v oir such that \v\ is even are called white vertices, and vertices v of 

r such that \v\ is odd are called black vertices. We denote the set of all white vertices of r by 
T° and the set of all black vertices by r*. By definition, the size |r| of a p-tree r is the number 
of its black vertices. See the left side of Fig.l for an example of a 3-tree. 

A labeled p-tree is a pair 9 = (r, {iv)veT°) that consists of a p-tree r and a collection of 
integer labels assigned to the white vertices of r, such that the following properties hold: 

(a) ^0 = and G Z for each v G t°. 

(b) Let V E T*, let 11(0) be the parent of v and let = vj , 1 < j < p — 1, he the children of 
V. Then for every j e {0, 1, ... ,p — 1}, ^v^j+i) ^ ^i;^) ~ 1) where by convention V(p^ = V(oy 

Condition (b) means that if one lists the white vertices adjacent to a given black vertex 
in clockwise order, the labels of these vertices can decrease by at most one at each step. By 
definition, the size of 9 is the size of r. 

Let r be a p-tree with n black vertices and let k = jj^T — 1 = pn. The depth-first search 
sequence of r is the sequence wq, wi, . . . , W2k of vertices of r which is obtained by induction as 
follows. First wq — 0, and then for every i e {0, . . . , 2A; — 1}, Wi+\ is either the first child of 
Wi that has not yet appeared in the sequence Wq, . . . ,Wi, or the parent of Wi if all children of 
Wi already appear in the sequence Wq, . . . ,Wi. It is easy to verify that W2k = and that all 
vertices of r appear in the sequence Wq,Wi, . . . , W2k (some of them appear more than once). 

Vertices Wi are white when i is even and black when i is odd. The contour sequence of r° 
is by definition the sequence vq, . . . /Uk defined by Vi = W2i for every i G {0, 1, . . . , A;}. If is a 
given white vertex, each index i such that vi — v corresponds to a "corner" (angular sector) 
around and we abusively speak about the corner Vi. 

Our limit theorems for random planar maps will be derived from similar limit theorems for 
trees, which are conveniently stated in terms of the coding functions called the contour function 
and the label function. The contour function of t° is the discrete sequence Cg ° , , . . . , ° 
defined by 




1 
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Figure 1. A 3-tree r and the associated contour function of t° . 




Vi\ , for every < i < pn. 
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See Fig.l for an example with p = n — 3. The label function oi 9 — (r, {iv)veT°) is the discrete 
sequence (A^, A^, . . . , A^^) defined by 

Af = £y. , for every < i < pn. 

From property (b) of the labels and the definition of the contour sequence, it is clear that 
Af+i > A^ — 1 for every < i < pn — 1. The pair (C^°, A^) determines 9 uniquely. 

We will need to consider subtrees of a p-tree r branching from the ancestral line of a given 
white vertex. Let v e t°, and write v — Vj for some j e {0, 1, . . . ,pn} (the choice of j does 
not matter in what follows). The vertices Vi, j < i < pn which are not descendants of v are 
partitioned into "subtrees" that can be described as follows. First, for every white vertex u 
that is an ancestor of v distinct of v, we can consider the subtree consisting of u and of its 
descendants that belong to the right side of the ancestral line of v (or equivalently that are 
greater than v in lexicographical order). Secondly, for every black vertex w that is an ancestor 
of V, and every child m of w that is greater in lexicographical order than v, we can consider 
the subtree consisting of all descendants of u (including u itself). In both cases, this subtree is 
called a subtree branching from the right side of the ancestral line of v, and the quantity ^\u\ is 
called the branching level of the subtree. These subtrees can be viewed as p-trees, modulo an 
obvious renaming of the vertices that preserves the lexicographical order. In the same way, we 
can partition the vertices Vi, < i < j which are not descendants of v into subtrees branching 
from the left side of the ancestral line of v. 

If we start from a labeled p-tree 9 = (r, (£^)t,g^o), we can assign labels to the white vertices 
of each subtree in such a way that it becomes a labeled p-tree: just subtract the label of the 
root u of the subtree from the label of every vertex in the subtree. 

2.2 The Bouttier-Di Francesco- Guitter bijection 

Let stand for the set of all labeled p-trees with n black vertices. We denotes the set of 
all rooted and pointed 2p-angulations with n faces by element of TWf^ is thus a pair 

(M, v) consisting of a rooted 2p-angulation M G A"^ and a distinguished vertex v. By Euler's 
formula, the number of choices for v is {p — l)n + 2, independently of M. 

We now describe the Bouttier-Di Francesco-Guitter bijection between TJ^ x {0, 1} and M^. 
This bijection can be found in Section 2 of [4] in the more general setting of bipartite planar 
maps. Note that [4] deals with pointed planar maps rather than with rooted and pointed planar 
maps. However, the results described below easily follow from [4] (the bijection we will use 
is a variant of the one presented in [15, 16], which was concerned with non-pointed rooted 
2p-angulations and particular labeled p-trees called mobiles in [15, 16]). 

Let 9 — (r, {iv)veT°) £ and let e e {0, 1}. As previously, we denote the contour sequence 
of r° by vo, 'i^i, ■ ■ ■ ,Vpn- We extend this sequence periodically by putting Vpn+i — Vi for every 
< i < pn. Suppose that the tree r is drawn on the sphere and add an extra vertex d. We 
associate with the pair (6*, s) a 2p-angulation M with n faces, whose set of vertices is 

m = T° U {8} 

and whose edges are obtained by the following device: For every i E {0,1, ... ,pn — 1}, 
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• if £y^ — mm{iy : v & t°}, draw an edge between the corner Vi and d ; 

• if £„. > mm{£y : v e t°}, draw an edge between the corner Vi and the corner Vj, where j is 

the first index in the sequence i + l,i + 2,...,i+pn — 1 such that i^^ = iy^ — 1 (we then 
say that j is the successor of i, or sometimes that Vj is a successor of Vj). 

Notice that condition (b) in the definition of a p-tree entails that £y^_^^ > ivi — ^ for every 
i e {0,1, ... ,pn — 1}. This ensures that whenever > imn{£^ : v e t°} there is at least 
one vertex among Vi^i,Vi^2, ■ ■ ■ I'^j+pn-i with label £y. — 1. The construction can be made in 
a unique way (up to orientation-preserving homeomorphisms of the sphere) if we impose that 
edges of the map do not intersect, except possibly at their endpoints, and do not intersect the 
edges of the tree. We refer to Section 2 of [4] for a more detailed description (here we will only 
need the fact that edges are generated in the way described above). The resulting planar map 
M is a 2p-angulation. By definition, this 2p-angulation is rooted at the edge between vertex 
and its successor w = Vj, where j = min{i G {!,... ,pn} '■ C-i = —1}, and by convention w = d 
if min{£^ : v G r°} = 0. The orientation of this edge is specified by the variable e: if e = 1 the 
root vertex is and if £ = the root vertex is w. Finally the 2p-angulation M is pointed at 
the vertex d, so that we have indeed obtained a rooted and pointed 2p-angulation. Each face 
of M contains exactly one black vertex of r (see Fig. 2). 




Figure 2. A labeled 3-tree 9 with 5 black vertices, and the associated 6-angulation. 

The preceding construction yields a bijection from the set T*^ x {0, 1} onto M.'^, which is 
called the BDG bijection. Fig. 2 gives an example of a labeled 3-tree with 5 black vertices 

(the numbers appearing inside the circles representing white vertices are the labels assigned to 
these vertices) and shows the 6-angulation with 5 faces associated with this 3-tree via the BDG 
bijection. 
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The following property, which relates labels on the tree r° to distances in the planar map 
M, plays a key role. As previously, we write dgr for the graph distance in the vertex set m. 
Then, for every vertex f G r°, we have 

dgr{d, v) — £y — mm{£u, : w e t°} + 1. (3) 

If V and v' are two arbitrary vertices of M, there is no such simple expression for dgr{v,v') 
in terms of the labels on r°. However, the following bound is useful. Suppose that v — Vi and 
v' — Vj for some i,j e {1, . . . ,pn} with i < j. Then, 

dgr{v, v') < 4. +4-2 max ( min 4^^, min 4^ ) + 2. (4) 

\ i<k<j j<k<i+pn / 

See [15, Lemma 3.1] for a proof in a slightly different context, which is easily adapted. This 
proof makes use of simple geodesies, which are defined as follows. Let v & t°, and let i e 
{0, 1, . . . — 1} such that Vi — v. For every integer k such that < k < ^ — min{^^„ : w e t°}, 
put 

(p(i){k) = min{j e {i,i + 1, . . . ,i + pn - 1} : iy. ^ iy - k}, 

and uj(^i-^{k) = ^^^(-^(fc)- Then, if we also set uj(^i^{dgr{v,d)) = d, it easily follows from (3) that 
(w(j)(A;), < < dgr{v, d)) is a discrete geodesic from v to 9 in M. Such a geodesic is called a 
(discrete) simple geodesic. 

The bound (4) then simply expresses the fact that the distance between Vi and Vj can be 
bounded by the length of the path obtained by concatenating the simple geodesies and 
up to their coalescence time. 

2.3 The CRT 

An important role in this work is played by the random real tree called the CRT, which was 
first introduced and studied by Aldous [1, 2]. For our purposes, the CRT is conveniently viewed 
as the tree coded by a normalized Brownian excursion. Throughout this work, the notation 
e = (es)o<s<i stands for a normalized Brownian excursion (see [25, Chapter XII] for basic facts 
about Brownian excursion theory). Recall from Section 1 the definition of the pseudo-distance 
de and of the associated equivalence relation By definition, the CRT is the quotient space 
Te '■= [0, 1]/ ~e, and is equipped with the induced distance, which is still denoted by de- It is 
easy to verify that the topology of Te coincides with the quotient topology. 

Then {Te,de) is a random compact real tree (see Section 2.1 of [16] for the definition and 
basic properties of compact real trees). We write pe '■ [0, 1] — > Te for the canonical projection. 
By convention, Te is rooted at the point p : = pe{0) = Pe{l). The ancestral line of a point a of 
the CRT is the range of the unique (up to re-parametrization) continuous and injective path 
from the root to a. This ancestral line is denoted by [[p, a]]. If a, 6 e 7^, we say that a is an 
ancestor of b (or 6 is a descendant of a) if a e [p, &]]■ For every a E Te, we can thus define 
the subtree of descendants of a. If a, 6 e 7^, we write a A 6 for the unique vertex such that 
[[p,a]]n[[p,6]] = [[p,aA6]]. 

We refer to Section 2.2 in [16] for more information about the coding of compact real trees 
by continuous functions. Many properties related to the genealogy of Te can be expressed 
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conveniently in terms of the coding function e. For instance, if s G [0, 1] is given, a point of the 
form Pe{t), t e [0, 1], belongs to the ancestral line of Pe{s) if and only if 

et = min e^. 

sAi<r<sVt 

We will use such simple facts without further comment in what follows. 

A leaf of 7^ is a vertex a such that 7^\{a} is connected. If t G (0. 1), the vertex Pe{t) is a 
/ea/if and only if the equivalence class of t for ~e is a singleton. The vertex p = Pe{0) = Pe(l) 
is also a leaf. The set of all vertices of Te that are not leaves is called the skeleton of Te and 
denoted by Sk(7^). 



2.4 Brownian labels on the CRT 

Brownian labels on the CRT arc another crucial ingredient of our study. We consider a real- 
valued process Z = (2's)o<s<i such that, conditionally given (e5)o<s<i, Z is a centered Gaussian 
process with covariance 

ElZgZf I e] = min e^. 

sAt<r<sVt 

Note in particular that Zq = 0, and E[{Zs — Zf^ \ e] = de{s,t). One way of constructing 
the process Z is via the theory of the Brownian snake [13]. It is easy to verify that Z has 
a continuous modification, which is even Holder continuous with exponent ^ — £ for every 
e G (0, |). From now on, we always deal with this modification. From the invariance of the 
law of the Brownian excursion under time-reversal, one immediately gets that the processes 
[Bs, Zs)o<s<i and {ei^g, Zi-s)o<s<i have the same distribution. 

From the formula E[{Zs — Z^)^ \ e] = de{s,t), one obtains that 

Zg — Zt , for every s,t E [0, 1] such that de{s, t) — 0, a.s. 

Hence we may view Z as indexed by the CRT Te, in such a way that Zg = Zp^(^s) for every 
s e [0, 1]. In what follows, we write indifferently Zg — Za ii s & [0, 1] and a & % are such that 
a = Pe{s). Using standard techniques as in the proof of the standard Kolmogorov lemma, one 
checks that the mapping Te 3 a — > Za is a.s. Holder continuous with exponent | — £ with 

respect to de, for every e G (0, |). 

It is natural (and more intuitive than the presentation we just gave) to interpret Z as 
Brownian motion indexed by the CRT. Although the latter interpretation could be justified 
precisely, the approach we took is mathematically more tractable as it avoids constructing a 
random process indexed by a random set. As we will see below, the pair {Te, (-^a)ae7i) is a 
continuous analog of a uniformly distributed labeled p-tree with n black vertices. 

Throughout this work, we will use the notation 



A = — min Zg. 

0<s<l 



Detailed information about the distribution of A can be found in [9]. Here we will only use the 
simple fact that the topological support of the law of A is the whole of This can be verified 
by elementary arguments. It is known (see [19, Proposition 2.5]) that there is an almost surely 
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unique instant G (0, 1) such that Zg^ — —A. We will write a* = Pe(s*)- Note that a* is a 
leaf of 7^. 

We say that t G (0, 1] is a left-increase time of e, resp. of Z, if there exists e G (0, t) such that 
> ej, resp. Zs> Zt-, for every s G [t — £, t]. We similarly define the notion of a right-increase 
time. Note that the equivalence class of t for ~e is a singleton if and only if t is neither a 
left-increase time nor a right-increase time of e. The following result is Lemma 3.2 in [18]. 

Lemma 2.1. With probability one, any point t G [0, 1] which is a right-increase or a left-increase 
time of e is neither a right-increase nor a left-increase time of Z. 

We set for every r > 0, 

Sr = mi{s G [0, 1]: Zs = -r} 

with the usual convention inf = oo. Note that Sr < oo if and only if r < A. If r G (0, A], 
then by definition Sr is a left-increase time of Z, and Lemma 2.1 implies that the equivalence 
class of Sr for ~e is a singleton, so that Pe{Sr) is a leaf of % (the latter property is also true 
for r — 0). 

The following lemma shows that in some sense, labels do not vary too much between Sr and 
Sr+e when e is small. 

Lemma 2.2. There exists a constant f3o G (0, 1) such that the following holds. Let ii,A,k be 
three reals with < fi < A and k G (0, 1). There exists a constant CA,fj.,K such that, for every 
r G [//, A] and e G (0, ///2), 

{5, < 1 - «;} n I sup Z,>-r + Vi}] < Ca,^,^ e^". 

Our proof of Lemma 2.2 depends on certain fine properties of the Brownian snake, which 
are also used in the proof of another more difficult lemma (Lemma 5.1 below). For this reason, 
we postpone the proof of both results to the Appendix. 

For every s,t e [0, 1] such that s <t, we set 

D°(s, t) — D°(t, s) — Zs -\- Zt — 2 max ( min Zr, min Zr ] . 

We then set, for every a,b E %, 

D°(a,b)^mm{D°(s,t) : s,t E [0, l],p^(s) ^ a,Pe(t) ^ b}. 

This is equivalent to the definition given in the introduction. Suppose that D°{a,b) = for 
some a,b E % with a ^ b. Then we can find s, t G [0, 1] such that Pe{s) — a, Pe{t) — b and 
D°{s, t) = 0. Clearly s and t must be (right or left) increase times of Z and Lemma 2.1 implies 
that both a and b are leaves of 7^. 

As a function on 7^ x D° does not satisfy the triangle inequality, but we can set, for 
every a,b E Te, 



L>*(a,6)=inf| J]L'°(ai_i,a,)}, 

i=l 
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where the infimum is over all choices of the integer k > 1 and of Oq, Oi, . . . , G Te such that 
ao = a and = b. Then D* is a pseudo-distance on 7^, and obviously D* < D°. It will 
sometimes be convenient to view D* as a function on [0, 1]^, by setting 

D*{s,t)^D*{p,{s),p,{t)) 

for every s, t G [0, 1]. 

As a consequence of Theorem 3.4 in [15], the property D*{a,b) = holds if and only if 
D°(a, b) — 0, for every a,b e Te, a.s. (to be precise, the results of [15] are formulated in terms 
of a pair (e, Z) which corresponds to re- rooting the CRT at the vertex Pe{s^) with minimal 
label - see section 2.4 in [15] - however the preceding formulation easily follows from the results 
stated in [15]). 

2.5 Convergence towards the Brownian map 

For every integer n > 1, let M„ be a random rooted and pointed 2p-angulation, which is 
uniformly distributed over the set Ain- We can write M„ as the image under the Bouttier-Di 
Francesco-Guittcr bijection of a pair (^„,e„), where 6n = (tw, (C)fer°) is a random labeled 
p-tree and En is a random variable with values in {0, 1}. Clearly 6n is uniformly distributed 
over the set (and £„ is uniformly distributed over {0, 1}). We write Vq, v[', . . . , for the 
contour sequence of r°. We denote the contour function of r° by C" = (C'f)o<i<pn and the 
label function of On by A" = (A^)o<j<pn- We extend the definition of both C" and A" to the 
real interval [0,pn] by linear interpolation. 

Let m„ stand for the vertex set of M„. Thanks to the Bouttier-Di Francesco-Guitter bijection 
we have the identification 

nin = r° U {d} 

where d denotes the distinguished vertex of We also observe that the notation m„ is 
consistent with Section 1, since the random rooted 2p-angulation M„ obtained from M„ by 
"forgetting" the distinguished vertex of M„ is uniformly distributed over A^. Therefore, when 
proving Theorem 1.1, we may assume that the random metric space (m„, 0?^^) is constructed 
from Mn as explained above. 

If i,j G {0, 1, . . . ,pn}, we set dn{i,j) = dgr{Vi,vJ). We have then |A" A"| < dn{i,j) by 
(3) and the triangle inequality. As in [15, Section 3], we extend the definition of dn{s,t) to 
noninteger values of {s,t) G [0,pn]^ by linear interpolation. 

The following theorem is closely related to [15, Theorem 3.4]. To simplify notation, we set 

" 2Vp-i' V4p(p-i)y ■ 

Theorem 2.3. From every sequence of integers converging to oo, we can extract a subsequence 
{nk)k>i along which the following convergence in distribution holds: 

{Xpn~^/^ C^^t, Kpn~^^'^A'^^^, UpH'^/* dn{pns,pnt))^^^^^^^^^^ ^ (e^, Zj, L>(s, t))o<^<i_o<i<i , 

(5) 
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where the pair {e, Z) is as in subsection 2.4, and {D{s,t))o<s<i,o<t<i is a continuous random 
process such that the function {s,t) — > D{s,t) defines a pseudo- distance on [0,1]^, and the 
following properties hold: 

(a) D{s, s*) — Zg + A — D°{s, s*) for every s e [0, 1] ; 

(b) D{s,t) < D*{s,t) < D°{s,t) for every s,t e [0,1]. 

For every s,t & [0, 1], we put s ~ t if D{s, t) = 0. Then, a.s. for every s, t e [0, 1], the property 
s t holds if and only if D*{s,t) = 0, or equivalently D° {pe{s) , Pe{t)) = 0. 

Finally, set lUoo = [0,1]/ ~ and equip nioo with the distance induced by D, which is still 
denoted by D. Then, along the same sequence where the convergence (5) holds, the random 
compact metric spaces 

(m 

converge in distribution to {m^,D) in the sense of the Gromov-Hausdorff convergence. 

Remarks, (a) The convergence of the first two components in (5) does not require the use of 

a subsequence: See [20]. 

(b) The identity D{s,s^) = + A is a continuous analog of formula (3). The analog of the 
bound (4) is the bound D{s,t) < D°{s,t). 

(c) It is not hard to prove that equivalence classes for ^ can contain at most 3 points (see 
the discussion in [15, Section 3]). Moreover, if s and t are distinct points of [0, 1) such that 
s ~ t, then we have cither Pe{s) — Pe{t) or D°{s,t) — 0, but these two properties cannot hold 
simultaneously by Lemma 2.1. 

Proof: Although this theorem is very close to the results of [15], it cannot be deduced imme- 
diately from that paper, because [15] deals with rooted 2p- angulations, where the associated 

tree is constructed by using distances from the root vertex, whereas in our setting of rooted 
and pointed 2p-angulations the associated tree is obtained by considering the distances from 
the distinguished vertex. Still, the arguments in Section 3 of [15] can be adapted to the present 
setting. The convergence of the first two components in (5) is deduced from [20, Theorem 
8] (we should note that [20] deals with the so-called height process, which is a variant of the 
contour process, and the corresponding variant of the label process, but it is easy to verify 
that limit theorems for the height process can be translated in terms of the contour process, 
see e.g. Section 1.6 in [14]). From this convergence, the tightness of the laws of the processes 
(n"-*^/^ dn{pns,pnt))^^^^^ o<t<i derived exactly as in [15, Proposition 3.2]. We can thus assume 
that the convergence (5) holds along a suitable subsequence, and via the Skorokhod represen- 
tation theorem, we may even assume that this convergence holds a.s. The other assertions of 
the theorem are then obtained in a straightforward way (see Section 3 of [15], or Section 5 of 
[17]), with the exception of the fact that D{s,t) = implies D*{s,t) = 0. To verify the latter 
fact, one can reproduce the rather delicate arguments of [15, Section 4] in the present setting. 
Alternatively, one can use the estimates for the volume of balls proved in [16, Section 6] and 
follow the ideas that will be developed below in Section 6 to get a sharper comparison estimate 
between D and D*. We leave the details to the reader. □ 
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We will write p for the canonical projection from [0, 1] onto iiioo = [0, 1]/ ~. As a conse- 
quence of the bound D < D°, this projection is continuous when [0, 1] is equipped with the 
usual Euchdean distance. The volume measure Vol on nioo is the image of Lebesgue measure 
on [0, 1] under the projection p. 

Prom the characterization of the equivalence relation fa, we see that nioo can be viewed as 
well as a quotient space of %, for the equivalence relation ~ defined by a ~ 6 if and only if 

D°{a,b) = (this is consistent with the presentation wc gave in Section 1). We then write IT 
for the canonical projection from % onto nioo, in such a way that p = 11 o p^. Noting that 
the topology on % is the quotient topology and that p is continuous, it follows that 11 is also 
continuous. 

We finally set = p(s*) = n(a*). Note that property (a) in the theorem identifies all 
distances from in irioo in terms of the label process Z. 

We can define D*{x, y) for every x,y e m^o, in such a way that D*{p{s), p{t)) = D*{s, t) for 
every s,t G [0, 1]. Then D* is also a random distance on moo- Most of what follows is devoted 
to proving that D{x,y) = D*{x,y) for every x,y G nioo. If this equality holds, the limiting 
space in Theorem 2.3 coincides with (nioo, D*) and in particular does not depend on the choice 
of the sequence {nk)k>i- The statement of Theorem 1.1 (in the bipartite case when ^ = 2p is 
even) follows. 

Notice that we already know by property (b) of the theorem that D < D*, and that an easy 
compactness argument shows that the topologies induced respectively by D and by D* on nioo 
coincide, as it was already noted in [15]. Furthermore, it is imediate from properties (a) and 
(b) in the theorem that 

D*{x^,x) = D{x^,x) , for every a; G nioo. (6) 



2.6 Geodesies in the Brownian map 

If x,y arc two points in a metric space {E,d), a (continuous) geodesic from a; to |/ is a path 
{u{t),0 < t < d{x,y)) such that uj{0) = x, uj{d{x,y)) = y and d{u{t),u{t')) = t' — t for every 
< t < t' < d{x,y). The metric space {E,d) is called geodesic if for any two points x,y & E 
there is (at least) one geodesic from x to y. 

Prom general results about Gromov-Hausdorff limits of geodesic spaces [6, Theorem 7.5.1], 
we get that (nioo, E)) is almost surely a geodesic space. Detailed information about the geodesies 
in nioo has been obtained in [16], and we summarize the results that will be needed below. 

Let s G [0, 1]. Por every r G [0, D{s, s*)], we set 

, ini{t G [s, \\:Zt^Zs- r} if min{Zt : i G [s, 1]} < - r , 

'^'^'^> \ infji G [0, s\:Zt^Z,- r) otherwise. 

Since D(s, s*) = + A, the preceding definition makes sense. Por every r G [0, £)(s, s*)], set 

r,(r)=p(v9.(r)). 

By construction, D°{ips{r)^ </?s(r')) = r' — r for every Q < r < r' < D[s, s^). On the other hand, 
by property (a) of Theorem 2.3, we have also 

r' -r = D°{ips{r), ifsir')) > D{ips{r), ifsir')) > D{s^, (Psir')) - D{s^, (fsir)) = r' - r 
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and it follows that Tg is a geodesic in (moo,-D). Using property (b) of Theorem 2.3, we have 
then D*(Ts{r), Tglr')) — r' — r for every < r < r' < D{s, s*), and thus is also a geodesic 
in {moo,D*). 

The geodesies of the form Tg are called simple geodesies. They are indeed the continuous 
analogs of the discrete simple geodesies discussed at the end of subsection 2.2. 

The following theorem reformulates the main results of [16] in our setting. 

Theorem 2.4. All geodesies in (nioo, D) from an arbitrary vertex of to are simple 
geodesies, and therefore also geodesies in (moo,-D*). 

Proof: For the same reason that was discussed in the proof of Theorem 2.3, this result is not 
a mere restatement of Theorem 7.4 and Theorem 7.6 in [16]. However it can be deduced from 
these results along the following lines. Showing that all geodesies from an arbitrary vertex of 
rrioo to arc simple geodesies is easily seen to be equivalent to verifying that a geodesic ending 
at x^ cannot visit the skeleton Sk(7^), except possibly at its starting point. However, points 
of the skeleton are exactly those from which there are (at least) two distinct simple geodesies. 
Hence, supposing that there exists a geodesic ending at x^ that visits the skeleton at a strictly 
positive time, one could construct two geodesies u and u' starting from the same point and 
both ending at a;* such that u{t) = oo'{t) for every t G [0,e], for some e > 0. By the invariance 
of the Brownian map under uniform re- rooting (Theorem 8.1 of [16]) and the main results of 
[16], this does not occur. □ 

If a; e rtioo is such that p~^(a;) is a singleton. Theorem 2.4 shows that there is a unique 
geodesic from x to x*. The particular case x — p(0) plays an important role in the remaining 
part of this work. In this case p~^(a;) = {0,1}, a.s., but it is trivial that Fq = Fi, so that 
there is a.s. a unique geodesic from p(0) to x^.. To simplify notation, we will write F = Fq 
for this unique geodesic. We note that we have ^^{r) = Sr, for every r e [0, A], where Sr was 
introduced in subsection 2.4, and thus F(r) = p(5'r). 

3 Maps with geodesic boundaries 
3.1 Discrete maps with geodesic boundaries 

We will now describe a variant of the BDG bijcction that will produce a 2j9-angulation with a 
boundary. We start from a labeled p-tree 9 = (r, {iv)veT°) with n black vertices, and we set 

5 = -min{4 •.veT°} + l. 

We use again the notation vq,Vi, . . . , Vpn for the contour sequence of r°. We write M for the 
rooted and pointed 2p-angulation associated with 9 via the BDG bijection (we should have 
fixed £ e {0, 1} to determine the orientation of the root edge, but the choice of e is irrelevant 
in what follows), and dgr for the graph distance on the vertex set m. 

We then add S — 1 vertices Vi,V2, ■ ■ ■ , vs-i to the tree r in the following way. If /c — /c0(t) is 
the number of children of in r, we put Vi = (k + 1), = (/c + 1, 1), -Us = (/c + 1, 1, 1), and so 
on until vs-i = {k + 1,1,1, ... , 1). For notational convenience, we also set Vq = and vs = d. 
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Then t :— tU {vi, . . . , vs-i} is again a plane tree (but no longer a p-tree). By convention, we 
put 

r° = r° U {vi, . . .,vs-i}. 

We thus view Vi, . . . , vs-i as white vertices with labels i^- = —i for i = 1, . . . ,6 — 1. 

Now recall the construction of edges in the BDG bijection: For every i G {0, 1, . . . ,pn — 1} 
with £i > —6 + 1, the corner Vi is connected by an edge to the corner vj, where j G + 
1, . . . ,i+pn — l} is the successor of i. Note that every corner of r corresponds to one corner of 
T (the vertex has one more corner in r, except in the particular case S = 1). To construct the 
planar map with a boundary, we follow rules similar to those of the BDG bijection. We start 
by drawing an edge between Vi and d, for all i G {0, 1, . . . ,pn — l} such that i^^ = mini*. Then, 
let i G {0, 1, . . . ,pn — 1} such that £y^ > mini. If the successor j of i is in {i + 1, + 2, . . . ,pn} 
we draw an edge between Vi and Vj, as we did before. However, if the successor of i is in 
{pn + 1, . . . ,i+pn — 1}, we instead draw an edge between Vi and v^ii+i (informally, since each 
new vertex Vj is assigned the label — j, Vi is again connected by an edge to the next vertex of 
r with smaller label). Finally, for every i E {0,1, ... ,6 — 1}, we also draw an edge between Vi 
and Wj+i (in particular we draw an edge between vs-i and d). 

The preceding construction gives a planar map M with vertex set m = U {d} (see Fig. 3 
for an example). The planar map M is in general not a 2p-angulation. Leaving aside the special 
case S — 1, where M — M, the map M can be^iewed as a 2]?- angulation with a boundary. 
Indeed it is not hard to verify that every face of M has degree 2p (and corresponds to one face 
in the planar map M), with the exception of one face, which has degree 25 and is bounded by 
the two geodesies from to d that are defined as follows: 7(0) = 7(0) — 0, ^{S) — 7((5) — d, 
and for every i E {1, . . . ,6 — 1}, 

= t'^(i), where 0(i) = min{j > : 4, = -i), 

Let dgr be the graph distance on the vertex set m. The following properties are easily checked: 

(i) 7 and 7 are two geodesies from to 9 in M, that intersect only at their initial and final 
points; 

(ii) dgr{y,v') < dgr{y,v') for every v,v' G t°; 

(iii) dgr{v, d) — ly-\-5 for every v Et° , and in particular dgr{v, d) — dgr{v, d) for every v E t°; 

(iv) dgr{0,v) — dgr{0,v) for every v G t°. 

Informally M can be recovered from M by gluing the two geodesies 7 and 7 onto each other (and 
in particular identifying with Vi for every i = l,...,6 — 1). This explains why distances 

from or from d are the same in M and in M, whereas other distances may be different. Note 
that the geodesic 7 coincides with the discrete simple geodesic a;(o) introduced at the end of 
subsection 2.2. 
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Figure 3. The DMGB associated with the 6-angulation of Fig. 2. In this case, 6 = 3 and the two extra vertices 
vi and V2 appear on the right of the figure. The map is bounded by the two boundary geodesies connecting the 
root of the tree to the vertex d. 

We will say that M is the discrete map with geodesic boundaries (in short the DMGB) 
associated with M. We sometimes say that 7, resp. 7', is the left boundary geodesic, resp. the 
right boundary geodesic, of M. 

The definition of discrete simple geodesies can be extended to M in the following way. Recall 
the notation of the end of subsection 2.2, and let i G {0, . . . ,pn — l}. If the minimal label on r° 
is attained at Vj for some j E {i, . . . ,pn}, we just put = Co'(j), which is also a geodesic from 

Vi to d in M. On the other hand, if the preceding property does not hold, there is a unique 
integer A; e {1, . . . , dgr{vi, d) — 1} such that (j)(i){k — 1) < pn and 4>(i){k) > pn. Then the edge 
of M between uj(j^){k — 1) and oo(i){k) does not exist in M, but instead there is an edge of M 
between ui{i){k — 1) and ■?;/;/, where k' — k — £y^. So we can put u}{i){j) — if J < ^ — 1 and 

^{i)U) — l{j ~ ^vi) k < j < dgr{vi, d), and is again a geodesic from Vi to d in M. 



3.2 Scaling limits 

We now apply the construction of the preceding subsection to a random 2p-angulation M„ 
that is uniformly distributed over the set M^. We let 9n — (r„, (•^")^ern) be the labeled p-tree 
associated with M„, and we write Vq, . . . , v^^ for the contour sequence of r°. As previously, we 
also write (C'f )o<i<pn for the contour function of t° and and (A")o<i<p„ for the label function 

of On. _ 

The DMGB associated with M„ is denoted by J^n- We also let m„ and m„ denote respec- 
tively the vertex set of M„ and the vertex set of M„. 

Recall the definition of the function dn before Theorem 2.3. For every i,j G {0, 1, . . . ,pn}, 
we also set _ _ 

dn{i,3)^dgr{v'l,v]). 
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A simple adaptation of the proof of (4) gives the bound 



where, for every i,j e {0, 1, . . . ,pn}, 

<(z,j)=Ar + Ai - 2. min + 2. 

Similarly as in the case of dn, we extend the definition of dn to [0,pn] x [0,pn] by linear 
interpolation, as in Section 3 of [15]. 

Proposition 3.1. From every sequence of integers converging to oo, we can extract a subse- 
quence {nk)k>i along which the following convergence holds: 

( Xp Cp„(, Kp n~-^/^A" J, Kp dn{pns, pnt) , Kp n"^^"^ dn{pns, pntyj 

(et,Zt,D{s,t),D{s,t)) , (7) 

\ /0<s<l,0<t<l 



id) 



where the convergence holds in distribution, (et)o<t<i, ('^i)o<t<i and (-D(s, t))o<s<i,o<t<i are as 
in Theorem 2.3, and {D{s,t))o<s<i,o<t<i is a continuous random process such that D < D and 
the function (s, t) — > D{s, t) defines a pseudo-distance on [0, 1]^. We put s = t if and only if 
D{s, t) — 0. The property s = t holds if and only if at least one of the following two conditions 
holds: 



(a) s ~e ^ ; 

(b) Zs — Zt — mmr^[sAt,sVt] Zr- 

Finally, along the same sequence where the convergence (7) holds, we have the joint convergence 
in distribution of random metric spaces in the Gromov-Hausdorff sense: 

[imn,Kpn-y%r),{iiin,^,n-'/%r)) A (( moo,£>),(moo,£>)) 

where {m^, D) is as in Theorem 2.3, = [0, 1]/ =, and D is the induced distance on ni^. 



Proof: From the bound dn{i,j) < d'^{i,j), wc can use the same arguments as in the proof of 
Proposition 3.2 in [15] to verify that the sequence of laws of the processes {dn(j)ns,pnt))o<s,t<i 
is tight in the space of all probability measures on C([0, 1]^, M). RecaUing the convergence (5), 
we see that we can extract a subsequence along which the convergence (7) holds, and obviously 
the processes e. Z and D satisfy the same properties as in Theorem 2.3. From now on we 
restrict our attention to values of n in this subsequence. Using the Skorokhod representation 
theorem, we may assume throughout the proof that the convergence (7) holds a.s. 

From the analogous properties for dn, it is irnmediate that D is symmetric and satisfies the 
triangle inequality. Note that the bound dn < dn implies that D < D. 
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Let us now verify that D{s, t) — ii and only if (at least) one of the two conditions (a) and 
(b) holds. First, if (a) holds, the same argument as in the proof of Proposition 3.3 (iii) in [15] 
shows that D{s, t) = 0. Then, by passing to the limit n ^ oo in the bound 

n-^/^dn{[pns\, [pnt\) < n-^/U°^{[pns\, [pnt\) 

we easily get that, a.s. for every s,t e [0, 1], 

D(s, t) < Zg + Zt — 2 min Z^. 

sAt<r<s\/t 

If (b) holds, the right-hand side vanishes, which immediately gives D{s,t) — 0. 

Conversely, suppose that D{s, t) = 0, and without loss of generality assume that s < t. Since 
D < Dj we have also D{s, t) = 0, and by Theorem 2.3, we know that either (a) holds (in which 
case we are done), or 

Zg = Zt = max ( min Zr, min Zr ) . 

\re[s,t] re[t,lp[0,s] / 

If 

Zg — Zt — min Zj. 

re[s,t] 

then (b) holds. So we concentrate on the case where 

Zg — Zf — min Z^. (8) 

re[t,l]U[0,s] 

Assuming that this equality holds, and that s ~e ^ does not hold, we will arrive at a contra- 
diction, which will complete the proof of our characterization of the equivalence relation =. 
We may assume that s > and t < 1 (the case s — 0, t — 1 is excluded, and then we note 
that min[o,e] Z < and min[i_£^i] Z < 0, for every e G (0, 1), a.s. by Lemma 2.1). Then we 
can find positive integers in,jn G {0, 1, . . . ,pn}, with i„ < j„, such that s — lim(pn)~^i„ and 
t = lim{pn)~^jn, and we have 

\imKpn-'/%r{vl,vl) = D{s,t) = 0. (9) 

From (8) and the fact that the minimum of Z is attained at a unique time, wc know that for 
n large the minimum of will be attained (only) in {in, ■ ■ ■ ,jn}- Let kn G {in, ■ ■ ■ ,jn} be 
the largest integer such that ^"n = min^", and write ]] for the ancestral line of f^^^ in 

T„. By construction, if an edge of m„ connects a point of {v^^, . . . ,fp„) to a point of 

{vq,Vi, . . . } then (at least) one of these two points must belong to [[0, f^fj]. Therefore, if 
Un is a geodesic path from f,-^ to vj^ in fn„, it must either visit d or intersect [[0,f^^]] at (at 
least) one point, which may be written in the form v^^ with G {0, 1, . . . ,pn}. The case when 
ujn visits d does not occur when n is large, since this would imply that Zg = Z^ — min Z, which 
is absurd. In the other case, we can find a subsequence of the sequence {pn)~^in that converges 
to r G [0,1], and automatically Pe(^) belongs to the ancestral line of the vertex = J9e(s*) 
minimizing Z. Furthermore, it is also clear from (9) that D{s,r) = D{t,r) = 0. and therefore 
D{s,r) = D{t,r) = 0. By Theorem 2.3, we must have D° {pe{s) , Pe{r)) = 0. However Pe{s) is 
a leaf of % (by Lemma 2.1) whereas Pe{r) is a point of Sk(7^). This contradicts our previous 
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observation that, if a, fo G 7^ with a ^ h, D°[a, b) = may hold only if a and b are both leaves of 
Te- This contradiction completes the proof of the characterization of the property D{s,t) — 0. 

We still have to prove the last convergence of the proposition. The almost sure convergence 
of the random compact metric spaces (m„, Hpn~^^*dgr) towards (moo, D) is easily derived from 
the (almost sure) convergence (7) as in the first part of the proof of Theorem 3.4 in [15]. A 
similar argument will give the almost sure convergence of {ihn, Kpn~^^'^dgr) towards {ih^,D). 
Let us provide details for the sake of completeness. We first observe that we may discard the 
extra vertices that we added to m„ in order to define m„. Indeed, it is immediate that the 
Hausdorff distance between m„ (viewed as a compact subset of the metric space {mn,dgr)) 
and fn„ is bounded by 1, and so the Gromov- Hausdorff convergence of ( ^^^dgr) will 

follow from that of (m^jK^n -^'^dgr). For the same reason, we may replace m„ by m„\{c?}. 
We then construct a correspondence between m„\{9} and nioo by saying that, for every i e 
{0, 1, . . . ,pn} and s G [0, 1], the vertex vf is in correspondence with the equivalence class of s 
in frioo = [0, 1]/ = if |i — pns\ < 1. Thanks to the convergence (7), we can easily verify that 
the distortion of this convergence, when m„\{5} is equipped with the distance Kpn~^^^dgr and 
ffioo with D, tends to a.s. as n ^ oo. This completes the proof. □ 

Let us state some important properties of the space (rrioo, D). In the following proposition, 
as well as in the remaining part of this section, we consider the processes (e, Z, D, D) and the 
associated random metric spaces (nioo, D) and (moo, D) that arise from the convergences of the 
preceding proposition via the choice of a suitable subsequence. We write p for the canonical 
projection from [0, 1] onto nioo = [0, 1]/ =■ Recall the notation 

A = -mm{Z, : s G [0,1]}. 

Proposition 3.2. (i) For every s,t e [0, 1], 

D(s, t) < Z, + Zt-2 min Z,.. 

sAt<r<sVt 

(a) For every s e [0, 1], 5(0, s) = D{0, s) 

(in) For every s G [0, 1], D{s, s*) = D{s, s*) — Zs + A.. 

(iv) For every t G [0, A], put 

r(t) = p(inf{sG [0,1] = -t}), 
f'(t) = p(sup{5G[0,l]:Z, = -t}). 

Then T and T' are two geodesic paths from p(0) to p(s*) in {ih^,D), which intersect only at 
their initial and final points. 

Proof: Property (i) was already derived in the preceding proof. Properties (ii) and (iii) 
follow from the analogous properties of a DMGB stated at the end of subsection 3.1 by a 
straightforward passage to the hmit. Let us verify (iv). First it is immediate that r(0) = 
f'(0) = p(0) = p(l), and r(A) = f'{A) = p(s*). Then, from (ii) or (iii), we have 

5(p(0),p(s.)) = 5(0, s,) = D{0,s,) = A. 
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On the other hand, for every <t <t' < A, (i) gives 

D{f{t),f{t')) <t' -t. 

Thanks to the triangle inequahty, this is enough to imply that D(r[t), r(i')) — t' — t for every 
Q < t < t' < A. The argument for V is similar. □ 

We will now explain how the space (nioo, D) can be constructed from (nioo, D) by "cutting" 
the surface (moo,-D) along the geodesic F, which produces the two geodesies V and V . Such 
surgery is common in the study of the geometry of surfaces, but since we are working in a 
singular setting we will proceed with some care. 

We set 

7^^ = {T{t) : < t < A} C nioo, 

and write TZy — TZr U {p(0), p(s*)} for the closure of TZr- We consider a set which is 
obtained from nioo by duplicating every point of TZr- Formally, 

= (moo\7^^) U {(x, 0) : a; G 7^^} U{{x,l):xe 7^^}. 
We then define a topology on by the following prescriptions: 

• If x G moo\7^r, a subset of is a neighborhood of x in if and only if it contains a 
neighborhood of x in nioo- 

• A subset V of is a neighborhood of p(0), resp. of p(<s*), in if and only if there 
exists a neighborhood U of p(0), resp. of p(s*), in moo, and £ > such that 

V D ({U\R^) U {{T{t), 1) :0<t<e}U {{T{t), 0) :0<t<s}^, 

resp., 

V D (^{U\]Z^) U {{T{t), 1) : A - £ < i < A} U {(F(i), 0) : A - £ < i < A}) , 

• If a; G TZr, a subset V of is a neighborhood of {x, 0), resp. of {x, 1), in if and 
only if there exists a neighborhood U of x in nioo such that V contains U fl p([0,s*]), 
resp. U n p([s*, 1]). 

We write vr for the obvious projection from onto nioo, and note that tt is continuous. 
We define a metric D* on by setting, for every x,y E m^, 

D'{x, y) = inf{L(7r o g) : g e ^(m^, x y)}, 

where C{ra*^,x — >■ y) stands for the set of all continuous paths g : [0,1] — >■ such that 
(7(0) = X and g{l) ~ y, and L{7rog) denotes the length of the path vro (yf in (nioo, D). Informally, 
the paths of the form irog are those paths from x to y in nioo that do not cross the geodesic F. 

Proposition 3.3. The metric spaces (ih^jD) and (m^,D') are almost surely isometric. 
We omit the proof of this proposition, which is not needed in the proof of our main result. 
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3.3 A technical lemma 



We will now use the results of the preceding subsection to derive a technical lemma, that will 
play an important role later in this work. Recall the notation introduced at the beginning of 
subsection 3.2. In particular, the random 2p-angulation Af„ is uniformly distributed over the 
set A4^, and the DMGB associated with M„ is denoted by M„. Wc put A„ = dgr{0, d) (where 
dgr refers to the graph distance in M„) and following the end of subsection 3.1, we introduce 
the two distinguished geodesies from to 9 in Af„, which arc denoted by 'fn and 7^. 

Lemma 3.4. We can find two positive constants e and rj such that, for every sufficiently large 
integer n, 

lOnV^ < A„ < , min 4(7n(^), T^O')) > ^^'^'l > n- 

ni/4<i<9ni/4 J 
ni/4<j<9ni/4 



Proof: Set Sk = '2. ^ and rjk — 2 for every integer A; > 0. We argue by contradiction and 
assume that for every k > we can find an integer rik > k such that 

P[lOnf < < llnf , min 4(7n,(^), 7;,(j)) > ^fc^^l < Vk- (10) 

From Proposition 3.1, and replacing the sequence {nk)k>o by a subsequence, we may assume 
that the convergence (7) holds along the sequence {nk)k>o- Notice that the bound (10) remains 
valid after this replacement. By using the Skorokhod representation theorem, we may even 
assume that (7) holds almost surely. From now on until the end of the proof, we consider only 
values of n belonging to the sequence {nk)k>Q, even if this is not indicated in the notation. 

We then consider the random closed subsets K and K' of [0, 1], which are defined by 

K = {te [0, 1]: Zt^ min e [k^, 9ft;J} 

0<s<t 

K' = {te [0, 1]: Zt= min G [«;„, 9Kp]} 

t<s<l 

We recall that by definition, for every n, and < i < A„ — 1, 

Ini}) = where 0„(i) = min{j > : = -i}. 

No similar formula holds for 7^, but we can write, for every 1 < i < A^, 

^flr(7n(0> f^0;(i)) = 1> where 0^(i) = max{j < pn : I'^n ^ -i + 1}. 

The latter equality easily follows from the construction of edges in the DMGB. We thus have, 
for every i e {0, . . . , A„ - 1} and j G {1, . . . , A„}, 

d,rMi),inij)) < 4K«,<U,)) + 1 = d^{Mi),M)) + 1- (11) 
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Now recall that = A^, and that the sequence of processes {KpU ^^^■^pnt)o<t<i converges 
almost surely to (Z()o<t<i by (7). Elementary arguments using the latter convergence and the 
definition of the functions 0„ and 0^ then show that, on the event {A > 10 Kp}, 

i/^knij) j^. a.s „ i/'^nU) t^i\ a.s „ , ^ 

sup a( ,a) — > , sup a( ,a ) — )■ 0, (12) 

where d refers to the usual Euchdean distance on [0, 1]. Notice that, on the event {A > lO/tp}, 
we have A„ > lOn^^^ for n large enough, a.s., and in particular 0„(i) and 0^(j) are well defined 
for < i < 9nV4 and n^^ <j< Qn^/^. 

From (11), (12) and the convergence (7), we now get, on the event {lOup < A < llup}, 
limini ( KriU, ^^^ min c^or (7nt (0 , 7« (7))) > inf D(t,t'), 

almost surely. In particular, for every £ > 0, 



lim inf P 

fe— >oo 



lOnJ/^ < A„, < 11%^\ ^,^min ^ (iflr(7nfc(0> 7n,(i)) > 



> P 



lOKp < A < llKp , inf Dit.t') > n;,^ . (13) 



The characterization of the equivalence relation = in Proposition 3.1 shows that D{t,t') > 
for every t E K and t' e K', a.s. on the event {A > lOup}. By compactness, we have thus 

inf D(t,t')>Q 
teK,t'eK' 

a.s. on that event. In particular, we can fix £ > so that the right-hand side of (13) is (strictly) 
positive. This gives a contradiction with (10), and this contradiction completes the proof. □ 

In the next section, we will use a minor extension of Lemma 3.3, concerning the case when 
our random p-tree has a random number of black vertices. Let /i > and, for every (sufficiently 
large) integer n, consider a random labeled p-tree 6n whose size belongs to [/x^n, 2/i^n] , and such 
that the conditional distribution of 6n given its size is uniform. With 6n we associate a DMGB 
as explained in subsection 3.1, and we let 7^ and 7^ be respectively the left and right boundary 
geodesies in this majx We also denote by An the common length of these geodesies. We can 
apply Lemma 3.3 to 9n after conditioning on its size, and we get, for all sufficiently large n, 

lOfxn'/' < A„ < 15fxn'/' , min dgr{%ii),l'n{j)) > ef^n'/^] > V- (14) 

2i/4y^ni/4<j<9^„i/4 J 
2i/4;^ni/4<j<9Mni/4 



4 The traversal lemmas 

We use the notation of subsections 3.2 and 3.3. 
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Lemma 4.1. We can find a constant > such that the following holds. For every a e 
(0,«o); for every choice of the constants Pi and such that ISo; < /3i < 132, and for every 
sufficiently large integer n, the probability of the event 

n {4(7„(L«nV4j),7;(L«nV4j)) = d,rM[^n'/'\)n'n{[^n'f'\)) + 2{[an'/'\ - [f ^V^J)} 
is bounded below by a positive constant independent of n. 
We note that, provided that A„ > [an^/'^J , one has 

and similarly if 7^ is replaced by 7^. Therefore the event considered in the lemma holds if and 
only if < A„ < (32n^^* and there exists a geodesic from 7n(Lct?^^^^J) to 1nil'^^^^^\) 

M„, which visits both points 7n(Lf^^^''J) 7rj( Lf ^^^'^J) "this order. 

To simplify notation, we will write w„ = ^ij)n/2j remaining part of this section. An 

important role in the proof below will be played by subtrees branching from the right side of 
the ancestral line of Un (see the end of subsection 2.1). 

Proof of Lemma 4.1: Recall the notation C" for the contour function and A" for the label 
function of the labeled p-tree tree 6^ — {rn, {£'^)veT°)- We know from (5) that the pair of 
processes {XpU ^^^Cp^^, KpU "'^^^Ap„j)o<i<i converges in distribution towards (e^, .^()o<t<i (this 
convergence does not require the use of a subsequence, see remark (a) after Theorem 2.3). We 
will use this convergence in distribution to get that, with a probability bounded from below 
when n is large, the pair (C",A") satisfies certain properties, which can then be expressed in 
terms of properties of the subtrees branching from the right side of the ancestral line of Un- 

We let £ > be the constant appearing in Lemma 3.4, and we put 

We determine cto by the condition paQA = |. Then we fix a G (0,q;o) and (^2 such that 
15a < Pi < p2- 

Let F be the event where the following properties hold: 

(a) We have ei/2 > Xp and Z1/2 < —KpU. Moreover, for any vertex a of 7^ that is an ancestor 
of Pe(l/2) in Te and is such that ^ < (ie(P) ct) ^ -^p; we have "iK^a < Za < 4:Kpa. 

(b) A = - min{Z, : < s < 1} e (k^^i, Kpp2)- 

(c) For every s such that < s < sup{r < | : < ^} or inf{r > | : < ^} < s < 1, we 
have Zg > —Kpa/6. 

(d) There exist at least A subintervals [si,ti], . . . , of [0, 1], such that | < Si < ti < 
• • • < < < 1, and for every i e {1, . . . , A}: 
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(dl) e^. = et. = min{es : | < s < U}, and e^. e Xp). 
(d2) < - < 2q;^ 

(d3) -ISKpO; < minse[s.,t,] - Zg. < -lOKpa. 

Let us briefly comment on condition (d). By (dl), the intervals [si,ti], • • • , [sa,^a] correspond 
to excursions of the process (e(i/2)+s)o<s<i/2 above its minimum process. In particular, for every 
i e {1, . . . , ^4}, Pe{si) — Pe{ti) belongs to the ancestral line of Pe{l/2). In terms of the tree Te 

coded by e, each interval [si,ti] can be interpreted as a subtree branching from the ancestral 
line of pe(l/2) at level e^^. Condition (d2) then gives bounds for the "mass" of this subtree, 
and condition (d3) provides bounds for the minimal relative label on this subtree. 

Simple arguments show that P{F) > 0. The conditions that do not involve the label process 
Z are easily seen to hold with positive probability (note that our choice of a such that pa'^A < | 
makes it possible to fulfill condition (d2)). The fact that the other conditions then also hold 
with positive probability requires a little more work, but we leave the details to the reader. 

For every integer n > 1, we then let F„ be the event where the following properties hold: 

(a') We have C'[^„/2j ~ k\^n\ > \/n and i^^ < —av}!'^. Moreover, for any vertex v of r° that 
is an ancestor of m„ and is such that \\pn < < ^/n, we have San}/"^ < £^ < Aan}^"^. 

(b') A„ = 1 - min{C ■.veT°}e {(5^n}/\(52n}l^). 

(c') For every vertex v of t° that belongs to a subtree branching from the left side or from the 
right side of the ancestral line of Un at level (strictly) less than \\/n, we have £^ > — 

(d') There exist at least A subtrees Tn,i, . . . , Tn,A branching from the right side of the ancestral 
line of Un, such that, for every i e {1, . . . , A}: 

(dr) The branching level of Tn,i belongs to [■^\/n, y/n\. 
(d2') a^n < |r„,i| < 2a^n. 

(d3') The minimal difference between the label of a vertex of Tn,i and the label of its root 
belongs to [-ISan^/^, -lOan^/^]. 

In condition (d2'), we recall that the size \Tn,i\ is the number of black vertices of Tn,i- 

The convergence in distribution of {Xpn~^/'^Cp^^, '«p?T'~^^^Ap„Jo<t<i towards (et, Zt)o<t<i now 
implies that 

liminfP(F„) > P{F). 

n—>oo 

To see this, first note that we can replace the convergence in distribution by an almost sure 
convergence, thanks to the Skorokhod representation theorem. Then on the event F, the almost 
sure (uniform) convergence of (Apn~^/^Cp„j)o<t<i towards {et)o<t<i) will imply the existence 
of subintervals [mi,ni], . . . , [mA,?^^] of [p?^/2,pn] such that properties analogous to (dl),(d2) 
hold for these subintervals and for the contour function C"^. From the relation between the 
contour function and the tree r„, we then get, still on the event F and for large enough n, the 
existence of subtrees satisfying the properties in (d'). The remaining part of the argument is 
straightforward . 
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Fix 1/ > such that P{F) > v. We can then find Uq such that P{Fn) > v for every n > Uq. 
Let us fix n > and argue under the conditional probabihty P(- | We can determine 

the choice of the subtrees r„,i, . . . , Tu^a by saying that we choose the first A subtrees branching 
from the right side of the ancestral line of Un and satisfying the conditions (dr),(d2'),(d3'), and 
order them in lexicographical order. As mentioned in subsection 2.1, we can view each T„,i as a 
(random) p-tree, via an obvious renaming of the vertices, and we can equip the vertices of this 
p-tree with labels obtained by taking the difference of the original labels (in Qn) with the label of 
the root of r^^j. In this way we obtain a random labeled ]9-tree, which we denote by Qn,i^ for every 
i e {1, . . . , ^4}. Let ki,. . . ,kA be integers with a^n < ki < 2a^n for i e {1, . . . , ^4}. We claim 
that under the measure P{- \ F„) and conditionally on the event {|t„,i| — ki, . . . , \Tn,A\ — ^a}, 
the random labeled p-trees 6n,i, ■ ■ ■ ,On,A are independent, and the conditional distribution of 
each 6n,i is uniform over labeled p-trees with ki black vertices subject to the constraint that the 
minimal label belongs to [— ISan^^^, — lOan^^^]. This follows from the fact that the tree 9n is 
uniformly distributed, and the conditions (a'),(b'),(c') do not depend on the properties of the 
trees 9n,i (in the case of (b'), we note that, because of (a') and the assumption a < /5i/15, the 
minimal label in t„ will certainly not be attained at a vertex of one of the subtrees T„^j) . 

We write M^^i for the DMGB associated with 9n^i, and we let 7„^j and 7^,j be respectively 

the left and right boundary geodesic in Mn,i. Let Gn be the intersection of F„ with the event 
where ^ 

,M 1M^^ C?9r(7n,i(i),7n,i(^)) > (15) 

2i/4ani/4<j<9anl/4 

21/4q,„1/4<;j<9o,„1/4 

for every i e {1, . . . ,A} (in (15), dgr obviously stands for the graph distance in M^^j). Prom 
(14) and the preceding considerations, we can find rii > Uq such that, for every n > ni, 
P{Gn) > Tj^ P{Fn) > T]^!/. To Complete the proof of Lemma 4.1, it now suffices to verify that 
the event considered in this lemma contains Gn- 

So suppose that Gn holds. We already know that A„ e (/3in^/'^, /^sn^/^) by (b'). Next 
consider a geodesic path Un from ln{\pif^^^^\) to 7n([Q;n^/^J) in M„. Recall that the label of 
both 7„([Q;n-^/^J) and InilpiT^^^^l) is equal to — [ctn^/^J. Prom the trivial bound 

^..(7;(L«^'/1),7;(L«^'/'J)) < 2 [_an'"\ 

and the fact that labels correspond to distances from d in M„ (modulo a shift by a fixed 

quantity), we immediately see that the path ujn cannot visit a vertex whose label is positive 
or strictly smaller than —2 [an^^^J . To simplify notation, write Wn,i for the (white) vertex at 
generation 2i on the ancestral line of for every i G {0, 1, ... , ^}. It follows from (a') and 
the preceding considerations that uJn does not visit the set {wn,i '■ < i < \/n}. 

We claim that a;„ must visit the set if„ := {wn,i : < i < ^y/n}. If the claim holds, the proof 
is easily completed. Indeed, suppose that oUn visits the vertex w e Then we can construct a 
geodesic path cD„, resp. cD^, that connects w to 7„([Q;n^/^J), resp. to 7^(Ltt'^^''^J), and visits the 
point 7n(Lf^"'^^"^J)) resp. the point 7^(Lf^^^^J)- To construct uJn, pick any k E {0, . . . , [pn/2j} 
such that = w and consider the simple geodesic uj(^k) as defined in subsection 3.1. By condition 
(c'), this simple geodesic will coalesce with 7„ at a point of the form 7n(i) with j < [fn^/^^J. 
Therefore we can just let uJn coincide with cof^k) up to its hitting time of 7„([Q;n^/^J). Similarly, 
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to construct Q'^, we pick any k' e {[pn/2j, . . . ,pn} such that v^, — w. By condition (c') again, 
the simple geodesic oj(k') will coalesce with 7^ at a point of the form 7'j(j) with j < [^n^^^\, 
and we let u)'^ coincide with u}(^k') up to its hitting time of L<^^^^*^J)- The concatenation of 
cOn and o)^ gives a geodesic path from 7n(L'^^^^^J) 'Jni[c(n'^^^\) that visits both 7n(Lf^^^^J) 
and ^nil^TT-^^'^l): as desired. 



height along 




inside this circle 



Figure 4- Illustration of the proof. The geodesic from j{[an^^^\) to 7([an^/^J) cannot visit the part of the 
ancestral line ofun between height \\/n and height \fn. If it does not visit the part of the ancestral line between 
and \\/n, it has to cross the A subtrees. 

It remains to verify the claim. We argue by contradiction and suppose that uin does not visit 
Hn. Recall that docs not either visit the set {w^^i : \^/n < i < y/n}, and notice that the 
condition < —an^^^ ensures that 7„([Q;n^/^J) belongs to the left side of the ancestral line 
of Un. Also recall that labels along w„ must remain in the range [— 2 [cm^/'^J , 0]. From these 
observations, the properties (a') and (d3') and the construction of edges in M„, it follows that 
uJn must visit each of the trees Tn,A,Tn,A-i, ■ ■ ■ ,Tn,i in this order before it can hit the left side 
of the ancestral line of Un- Furthermore, the path a;„ hits Tn,A for the first time at a vertex 
V such that the following property holds: There is no occurrence of the label £^ — 1 among 
vertices that appear in the part of the contour sequence of r° corresponding to r„^^ after the 
last occurrence of v. Indeed, this property is needed for v to be connected to a vertex on the 
right side of Tn,A- If we now view f as a vertex of the DMGB Mn^A, this means that v is 
connected by an edge to a vertex of the form 7^j^^(/c), where —k + 1 is the difference between 

and the label of the root of t„^a- Since — 2[Q;n-'^/^J < < 0, property (a') imphes that 
Sctn^/^ — p < k < Qan^/^ + p + 1 (notice that although the root of may not belong to the 
ancestral line of -u^, its label differs by at most p from the label of a vertex in this ancestral 
line, whose generation belongs to [\\/n., We may assume that p + 1 < an^/^ and so we 

get that 2Q;n^/^ <k< la-n}/^. Similarly, the last vertex of a;„ belonging to Tn^A before ojn first 
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hits Tn^A-i must be of the form 7„,a(j) for some j such that 2an^/'^ ^ J < 7an^^'^. We can now 
use (15) to obtain that the time spent by w„ between its first visit of r„^^ and its first visit of 
Tn,A-i is at least ean^^^. The same lower bound holds for the time between the first hitting 
time of Tn,i and the first hitting time of Tn,i-i, for every i = A, A — 1, ... ,2. We conclude that 
the length of oun is bounded below by 

by our choice of A. This contradiction completes the proof. □ 

In our applications, we will need a version of Lemma 4.1 where the roles of the root vertex 
and of the distinguished vertex d of m„ are interchanged. To this end, we will rely on a 
symmetry property of rooted and pointed 2p-angulations that we state in the next lemma. 

Lemma 4.2. We can construct a random 2p-angulation M„ with two oriented edges e„ and e* 
and two distinguished vertices 9„ and d*, in such a way that: 

(i) Both {Mn,en,dn) and (Mji,e*,(9*) are uniformly distributed over rooted and pointed 2p- 
angulations with n faces. 

(a) If Pn, resp. p*, is the origin of en, resp. of e*^, we have 



Proof: We start from a uniformly distributed rooted and pointed 2p-angulation Af„ with n 
faces, given (as previously) as the image under the BDG bijcction of a uniformly distributed 
labeled p-tree (r„,£^)^eT-° with n black vertices and an independent Bernoulli variable e with 
parameter 1/2. We let e„ be the root edge of M„, and as previously we write d for the dis- 
tinguished vertex of Mn- We can easily equip M„ with another distinguished oriented edge 
e* by using the following device: We choose a random variable f/„ uniformly distributed over 
{0, 1, . . . ,pn — 1} and we let e* be the edge generated by the f/„-th step of the BDG con- 
struction, oriented uniformly at random independently of Un- In this way, and "forgetting" 
the distinguished vertex 5, we get a triplet (M„,e„,e*) which is uniformly distributed over 
2p-angulations with n faces and two oriented edges. Note that we distinguish the first oriented 
edge and the second one, so that (M„, e„, e*) ^ {Mn, e*m en) unless e„ — e* . However it is easy 
to see (from the fact that a 2p-angulation with n faces has always pn edges) that the triplets 
(M„, e„, e* ) and (M„, e* , e„) have the same distribution. 

Let Pn and p* be the respective origins of e„ and e* . Although p* is not uniformly distributed 
over the vertex set m„ of M„, we can construct a uniformly distributed random vertex 9„ that 
will be close to p* with high probability. To do so, recall the notation C" for the contour 
function, and Vq, t;", . . . , v'^ for the contour sequence of t°. If Cfj^^i > C^}^, let 9„ be equal to 

■^^n+i- other hand, if C^}^ > C'^„+i, we let dn be chosen uniformly at random among 

the p — 1 children of the black vertex which is the parent of in r„. Then it is not hard 
to see that dn and p* are on the boundary of the same face of Mn, so that dgr{dn, Pn) < P- 
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Furthermore, a moment's thought shows that 9„ is uniformly distributed over m„\{0, d}. So, 
independently of the other random quantities, we may define 

{dn with probabihty (^^y^, 

with probabihty j—^y^, 

d with probabihty j^zfy;^^ 

so that the triplet (M„, e„, 9„) is uniformly distributed over rooted and pointed 2p-angulations 
with n faces, and the first bound in (ii) holds by the preceding considerations. 

To complete the proof, we select independently of e* and of the other random quantities a 
random vertex 9„ uniformly distributed over m„. Applying the (inverse) BDG bijection to the 
(uniformly distributed) rooted and pointed 2p-angulation (M„,e*,9„), we can associate with 
the edge e„ a random variable U* uniformly distributed over {0,1, ... ,pn — 1} (just as C/„ 
was associated with e*). By duplicating the preceding argument, wc then construct from U* a 
random vertex such that (M„, e* , (?*) is uniformly distributed and the second bound in (ii) 
holds. □ 

U u = (cj(0), cj(l), . . . ,uj{k)) is a path in M„, the length of u is \uj\ = k, and the reversed 
path (c(;(|c(;|), cudcul — 1), ... , u!{0)) is denoted by uJ. Recall the constant introduced in Lemma 
4.1. 

Lemma 4.3. Let a G (0,ao) (ind (32 such that 15a < (3i < (52- For every integer n > 1, and 

every 5 > 0, consider the event: 

n {4(7jL«^^/^J),7;(L«nV^J)) > d,r{ln{[ln'/'\),i^{\_^ri'/'\)) + (^ - 5)n'l']. 
There exist a real sequence ((5„)„>o decreasing to 0, and a constant oi > such that 

for every sufficiently large integer n. 

Furthermore, if the event £n,5n holds, we have also 

dAin{j%ln{j)) > dAl'n{j%ln{V^n"'\))+j - \_^n'l'\ - S^u'" - 2, (16) 

for every j G { [|n^/''J , . . . , [«n^/''J } and f G {0, 1, . . . , [an^/^J }. The same bound holds if the 
roles of 7„ and 7^ are interchanged. 



Proof: We start by proving the existence of a constant 02 > such that, for every 6 > 0, 

liminl P(£n,s) > a2. (17) 

n— >oo 

The first part of the lemma follows: Just construct by induction a monotone increasing sequence 
{nk)k>o such that P{£n,2-i') > ct2/2 for every n > Uk, and put 6n = for Uk < n < Uk+i. 
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We consider a random 2p-angulation M„ with two oriented edges e„ and e* and two distin- 
guished vertices 9„ and 9*. such that properties (i) and (ii) of Lemma 4.2 holds. We also write 
Pn and p* for the respective origins of e„ and e*. With the uniformly distributed rooted and 
pointed 2]9-angulation (M„, e^, dn) we associate the DMGB M„, and similarly with (M„, e* , 9*) 
we associate the DMGB M*. We write 7„ and 7^, resp. 7* and 7*', for the left and right 
boundary geodesies in M„, resp. in M*. The common length of 7^ and 7^, resp. of 7* and 7*', 
is denoted by A„, resp. by A*. Notice that 7„, resp. 7*, can also be viewed as a geodesic in 
Mn, which starts from one of the two vertices incident to e^, resp. to e* , and ends at resp. 
at (9*. 

Thanks to property (ii) of Lemma 4.2, we can use 7*, or rather the time-reversed path 7* , 
to construct an "approximate" geodesic from p„ to dn in M„. To do so, we concatenate a 
geodesic path from p„ to 9* with the path 7*, and then with a geodesic path from the initial 
point of 7* (which is either p* or a neighbor of p*) to dn- Let 7** be the path resulting from 
this concatenation. From property (ii) of Lemma 4.2, the length of 7** is bounded above by 
dgr{pn,dn) + 4(p -|- 1), with probability at least 1 — 2((p — l)n)~^. From Proposition 1.1 in 
[16] (and the fact that this result also holds for approximate geodesies as discussed in the 
introduction of [16]), we know that the paths 7n and 7** must be close to each other with high 
probability when n is large. More precisely, we get for every £ > 0, 



lim P 



ms;Kdgr{ln{t A An),7;(^ A a;)) > £71^/^1 = 0. (18) 
i>0 J 



In what follows, we suppose that the event considered in Lemma 4.1 holds for the DMBG 
Mn- We fix 5 > and using the property (18), we will show that we have on this event 

except possibly on a set of probability tending to when n — )■ oo. Our claim (17) will follow 
since the DMGBs M„ and M* have the same distribution (and -P(|A„ — A* | > en^^'^) tends to 
as n ^ oo, for every e > 0). 

Without loss of generality, we can assume that < S < a/2. We write BmS'^-iT), resp. 

-^M*(^'^) open ball of radius r centered at v in M„, resp. in M„, in 

M*. We first note that a geodesic path in M„ from '^'n{\piv}/'^\) to 7n(L'^^^^''J) cannot visit 
Bj^^{dm5v}^^), because otherwise its length would be at least 2(A„ — — [an-'^/^J) > 

2(^1 — 8 — a)n^/^, which is clearly impossible. For the same reason, a geodesic path in M* 
from 7*n'i\(yn^^^\) to ^{[cyn^^'^l) does not visit Stth, (7*(0), 5n^/''), except perhaps on a set of 
probability tending to as n tends to infinity, which we may discard. 

To simplify notation, set 7^(7n) = {7n(0 • < i < A„}. Let io G {1,...,A„ — 1}. A 
path u = {u{i),0 < i < in M„ is said to be an admissible loop from 7„(io) in M„ if 
cc;(0) = cudcjl) = 7„(io); if ^ does not visit 7„(0) nor 7„(A„), and if there exist integers and 

such that < koj < £oj < and the following holds: 

(i) uj{i) G TZ{jn) if and only if < i < /C(^ or £^ < i < |a;|; 

(ii) uj{ki^) is connected to uj{ki^ + 1) by an edge starting from a corner belonging to the left 
side of jn (here and later, jn is oriented from 7^(0) to 7„(A„)); 
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(iii) uj{i^) is connected to uj{£ij — 1) by an edge starting from a corner belonging to the right 
side of 7„. 

In the same way, we define a *- admissible loop in M„ by replacing 7„ with 7^ and A„ with A* 
everywhere in the previous definition. Note that an admissible loop (resp. a *-admissible loop) 
winds exactly once in clockwise order aroimd the point 7„(A„) = (9„ (resp. around 7* (A*) = 
7;(0)) in the twice punctured sphere §2\{.,^,(o)^ 7„(A„)} (resp. in §2\{^*(o), ^^(A;)}). 

The following properties are easily checked from the relation between M„ and M„ or M*: 

(a) If CO is an admissible loop from ■jn{io) then we can find a path uj in M„ such that a;(0) = 
7^(io), u;{\uj\) = 7n(«o) and \u;\ = 

(b) Similarly, if co* is a ^-admissible loop from 7^(«o) then we can find a path uj* in M* such 
that w(0) = 7n (^0), = %{io) and = \uj*\. 

(c) Let a; be a path in M„ that does not visit 7n(0) nor 7„(A„), such that a3(0) = Jniio) 
and ci;(|a;|) = 7n(^o), and such that cu visits and jn{i) in this order, for some i G 
{1, . . . , An — 1}. Then we can find an admissible loop ou from 7n(^) such that \u\ < \u\, 
and such that 7n(i) £ {^(j) : < j < k^} fl {uj{j) : i^j < j < If, for some r, r' > 0, 
uj does not visit Bj^ (7^(0), r) U Bj^ (7„(A„),r'), then ou can be constructed so that it 
does not visit SM„(7n(0),r) U SM„(7n(An), r') 

(d) Similarly, if u* is any path in M* that does not visit 7„(0) nor 7„(A*) and is such that 
ci;(0) = Jni'^o) and a;*(|a;*|) = 7*i(io), then we can find a *-admissiblc loop u* from 
7*(io) such that \uj*\ < \uj*\. If, for some r,r' > 0, u* does not visit -Br;* (7^(0), r) U 
-SM*(7n('^n) 5 then a;* can be constructed so that it does not visit BM„{%,{0),r) U 

Let 00* be a geodesic in M* from ^'{[an^^^\) to 7n(L«^''^''^J)- As mentioned above, we 
may assume that does not visit Sjg»(7*(0), Sn}^"^). Also, if a;* visits Bj^^{d*, fn^/^), then it 
readily follows that (19) holds. So we may restrict our attention to the case when uj* does not 
visit this ball. 

By property (d) above, we can construct a *-admissible loop cu* from 7*j( L<^^^^^J )> such 
that \io*\ < dgr{%{[an^/'^\),%'{lan^/^\)) and such that u* does not visit 5m„(7;(0), 5n^/^) 
nor BmS^u, j'n}^^)- Now pick a geodesic Qn from 7n(Lttn^/^J) to l*n{\o^n^^'^\) and note that, 
thanks to (18), we have \gn\ < except on a set of probabihty tending to which we 

may discard. By concatenating Qn, u* and the time- reversed path we get a path cu whose 
length is bounded above by \uj*\ + ^n^^'^, and which starts and ends at 7„( [an-*^/"^] ). Moreover, 
we can also use property (ii) of Lemma 4.2 to get that, except on an event of probability 
tending to as n — >■ 00, a; does not visit the balls i?M„(<9n, f^^^"^) and i?M„(7n(0), fn^/''). 
Of course, u needs not be an admissible loop. However, since u* is a *-admissible loop and 
therefore winds exactly once in clockwise order around 7* (A*) ~ 7n(0) in the twice punctured 
sphere S^\{7*(0), 7*(A*)}, it follows that u also winds exactly once around 7„(A„) = 9„ in 
clockwise order in §^\{7„(0), 7„(A„)}. Hence a simple topological argument shows that there 
must exist a subinterval {kn, • • • , C} of {0, 1, ... , |a;|}, with kn < in, such that a;(/Cn) G T^iln), 
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uj{£n) e 7?.(7„), ^ 'R-i'Jn) if kn < i < in, <^(^n) IS Connected to u{kn + 1) by an edge that 
starts from the left side of 7„ and uj{in) is connected to — 1) by an edge that starts from 
the right side of 7„. It follows that we can find an admissible loop uj' from 7([an^/"^J) such that 
l*^'! < jf^l < l^^*! + ^n^^*- By property (a), we have then 

dM[an'f'\)n'ni[o^n'/'\)) < \u;'\ < d,r{%i[o^n'f'\),rn'{[an'f'\)) + ^n^^ (20) 

Now recall that we are arguing on the event of Lemma 4.1. Hence we know that there 
exists a geodesic path ojn in M„ from "y'nilcun^^^l) to 7„( [an^/'^J ), that visits 7^([f?^^''''J) and 
7„([|n^/^J) in this order. We already noticed that a;„ does not visit the ball B^^{dn, dn^^^). If 
ujn visits the ball (7^(0), ^n}-^'^), then 

and it follows from (20) that 

from which (19) is immediate. So we may assume that does not visit B^^(7„(0), fn^/*^). It 
follows from property (c) that there exists an admissible loop a;„ from 7„(LQ;n^/'^J), which visits 
7„([|n-^/^J) both between times and k^^^ and between times ^^^^ and and has length 

l^nl < |^„| = (ic,r(7„([an^/^J),7^([Q;n"^/'^J)). Furthermore, Un does not visit BM„{dn, Sn^^"^) 
nor 5M„(7n(0), ^n^^^)- Let p„ G {0, 1, ... , fc^;™} and g„ e . . . , such that a;„(p„) = 
^{Qti) = 7n(Lf ^^^"^J)- Notice that necessarily 

qn-Pn<\u^n\-2{[an'/'\-[%'/'\). 

Consider then a geodesic path hn in M„ from 7* ( [f n^/^J ) to 7„( [f n-*^/^] ) , and let u'^ be the path 
obtained by concatenating (cj„(p„ + i),0 <i< qn—Pn) and hn in this order. Notice that by 
(18), we have \uj'^\ < g„ ~ Pn + f^"*^^"^ outside a set of probability tending to as n — ?■ 00, which 
we may discard. By the same topological argument as previously, we can find a *-admissible 
loop cu* from 7n(|.f^^^^J) such that \uj^\ < |a;^|. By property (b), we have now 

dArnil^n'^'llTn'il^ny'l)) < K\ < K\ < Qn-Pn + ^n'/' 

< d,r{jn{lan'/'\),j'n{lc^n'/'\)) - 2{[an'/'\ - [^n^^J) + ^n^^ (21) 

We now notice that (19) follows from (20) and (21), which completes the proof of (17) and of 
the first part of the lemma. 

To prove the second part of the lemma, we first note that if Sn,s„ holds, we have also, for 
every integers such that [fn^^^J <i<j< [an}^^] and [fn^^^J <i'< f < [ctn^/^J, 

dgr{lnU),inU')) > Mlni^) Hni^)) + J + j' 'I'l' ^nu'" ' 2- (22) 
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This immediately follows from the triangle inequality, which gives 

dAlnU) , inU')) + 2 [0^n'/'\ - j - j' > d,r{ln{ [^n'"\ Uni L^^'^'J )) , 

and _ ^ 

Then, if [f ^^^^J < j' < [an^/^J , the bound (16) follows from the special case i' = /, i = [^n^/^J 
in (22). If < j' < Lfn^/^J, consider a geodesic from 7^(i') to 7„(i), and a geodesic from 
7'([|n^/^J) to 7(Lf^^'^^J)) and observe that, by a topological argument, these two geodesies 
must intersect, say at a vertex v. Because v belongs to a geodesic from 7'( [f n^-^^J ) to 7( [f ri^^^J ) , 
the case / = Lf ^^^^J (16) easily gives 

Then, by adding dg^.{^^{j')^v) to both sides of this inequality, we arrive at the desired bound 
(16) also in the case < / < [fri^/^J. The case when the roles of 7„ and 7^ are interchanged 
is treated similarly □ 



5 The main estimate 

In this section and in the next two ones, we consider the setting of Theorem 2.3, and we assume 
that the convergence (5) holds almost surely along a suitable sequence {nk)k>o- We use the 
notation introduced at the beginning of subsection 2.5. Recall from subsection 2.6 the notation 
r = (r(r),0 < r < A) for the geodesic from p(0) to p(s*) in nioo- For every r e [0, A], we 
have r(r) — p{Sr), where 

Sr := inf{s > : Zs = —r}. 

Let r > and argue under the conditional probability measure P{- | A > r). The main result 
of this section shows that, with a probability close to 1 when £ > is small, for every point z 
of nioo "sufficiently far" from r(r), either there is a geodesic from z to r(r) that visits T{r — e) 
or there is a geodesic from z to r(r) that visits r(r + e). 

We fix e (0, 1/2), A > /X and k, G (0, 1/4). We assume that fx < r < A. The forthcoming 
estimates will depend on /x, A and k, but not on the choice of r in the interval [/x. A]. 

We start by introducing some notation. For every S e (0, r), we set 

Tjsir) :— infjs > 5"^ : = min and Zg — —r + 5}. 

te[Sr,s] 

In other words, ris{r) is the first instant s after Sr such that Peis) belongs to the ancestral line 
of Pe('S'r) and has label —r + 6. We may also say that e^^ ~Gr]s{r) is the minimal distance needed 
when moving from Pe{Sr) towards the root of % in order to meet a vertex with label — r + 5. 

In order to state our first lemma, we need to introduce the subtrees that branch from 
the "right side" of the ancestral hue of Pe{Sr). Formally, we consider all (nonempty) open 
subintervals {u,u') of [Sr, 1] that satisfy the property 

= = min 

te[Sr,u'] 
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which automatically implies that > e„ for every t G {u,u'). We write {u(^f),u'^--^)i^i for the 
collection of all these intervals. For each i G /, we will be interested especially in the quantities 
Zu^.^ = ^u'^.y representing the label at the root of the subtree, and 

A«:=Z - min Z^. 

se[«(i),«(.)] 

representing (minus) the minimal relative label in the subtree. 

We fix a G (0, 1/10) such that a/np < ckq. We start by choosing four positive constants 
ai,a2,0(2,a such that 

2ai + a<a 

a2 — > ^ 
(Xl > Ol2 ■ 

It is easy to verify that such a choice is possible. We then choose /3i,/32 € (2,4) such that 
P2 > Pi and ai + Pi > a2 + /32- We finally fix a constant AG (0, 1) such that 

^(1 + Xy/^ <a2-a'2 and a2 + P2 < {1 + A)^/^(ai + /3i) , 

and an integer K >2 such that K > ai/a'2. We then set 

log A 

in such a way that i^~^o+2 ^ ^_ 

For every integer i > io, we say that the event holds if 5",. < 1 — k, and if there exists an 
index i G / such that: 

(a) r]K-e+i(r) < U(^^ < < rjK-e+^ir) < 1 - f ; 

(b) («2 + P2)K-^ < A(') < («i + Pi)K-'; 

(c) -r + (5iK-' < Z^^^ < -r + /^si^"^ ; 

(d) minfZ^ : s G [Sr, U [u'^^yr)K-t+^{r)\} > -r - a'2K-^ ; 

(e) there exists a vertex 6 of 7^ that belongs to the ancestral line of Pe('S'r) in Te, such that 

^■riK-wir) ^ ^e(p, b) < G^^^^ , and Zb< -r + oiK'^ ; 

(f) K-^' < - < (1 + X)K-^' . 

The meaning of these conditions, and in particular of condition (e), will appear more clearly in 
the forthcoming proof. We note that the conditions (b) and (c) imply that 

min{Z^ : s G [u(^i),u[^-^]} < -r - a2K~^ 

and since a'2 < CI2, conditions (a) and (d) show that there can be at most an index i satisfying 
(a)-(f). When holds, we will write (m^,m^) = (^(j),^'^^^) and = A*^*) where i is the unique 
index such that properties (a)-(f ) hold. 
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Lemma 5.1. For every given a G (0, 1), we can find a constant a G (0, 1), and another constant 
C , which depends on /i, A and k but not on the choice of r & [/x, A\, such that, for every integer 
I > 24, 



E 



<Ca'. 



We postpone the proof of this lemma to the Appendix. One can use scahng arguments to 
see that the probabihty of is bounded below by a positive constant. If the events E^, k > £q 
were independent under P{- \ Sr < 1 — k,) , the bound of the lemma would immediately follow. 
The events E^ are not independent, in particular because of condition (d), but in some sense 
there is enough independence to ensure that the bound of the lemma holds. 

We now want to take advantage of the (almost sure) convergence (5) to get that if the event 
E£ holds, for some £ > io, the discrete labeled p-trees 9n satisfy properties analogous to (a)-(f ) 
at least for all sufficiently large values of n in the sequence {nk)k>o- Prom now on until the end 
of this section, we consider only values of n in this sequence. We put r„ = [r and 

an := min{i > : A" = -r„}, 
where min — oo. On the event {Sr < oo}, we have 

lim — — Sr , a.s. (23) 

n-^oo pn 

This follows from the (easy) property mms^<s<Sr+£ < —f-i for every £ > 0, a.s. 

To simplify notation, we put Vn = Note that we have also Vn = 7n(^n), where (in 

agreement with previous notation) 7„ is the simple geodesic from the first corner of to 5 in 
Mn- We define as the (white) ancestor of v„ at generation 2i, for every i G {0, 1, . . . , 
For every 6 G (0, r) we also set 

^1/4 

ipnAf^) = max{i : r , > -r„ + 5 }, 



Kp 



and we let ^^^^(a*) be the index corresponding to the last visit of the vertex y„,^„^(^) by the 
contour sequence of r°. 

If r is subtree of r„ branching from the right side of the ancestral line of Vn, we write z{t) 
for the root of r (this is either a vertex of the form ?/„ j, or a "brother" of such a vertex) and 
[r{T),r'{T)] for the interval corresponding to visits of r in the contour sequence of r°, and we 
also let A(r) be equal to 1 minus the minimal relative label of white vertices of r - as previously 
the relative label of a white vertex in r is the label of this vertex minus the label of z{t). 

Then, for every i > io, we say that the event En^^ holds if (7„ < oo and if there exists a 
subtree r of t„ branching from the right side of the ancestral line of such that 

(a') ^nAK-'-'') < < ^nAK-'^') ; 

(b') {a, + P,)K-^ ^ < A(r) < {a^ + ^,)K-' ^ ; 

(c') -r„ + P,K-' ^ < < -r„ + (5,K-^ ^ ; 
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(d') min{£;;„ : i e [<7„, r(T)] U [r'ir), > -r„ - a'.R-^ ^ ; 

(e') there exists an index j e {V'n,^!-^'^"^"^^), |k(r)|-l} such that < -rn + aK~^ ^ ; 

(f) X-^^n < |t| < (1 + A)X-^^n. 

The same argument as above shows that there can be at most one subtree r satisfying conditions 
(a')-(f'). If the event E^/ holds, we denote this subtree by t„^£ and we write Zn/ = z{Tn^e) 
rn,i = r{Tn,i), r'^^t = '^'{'^n,^ and A„,^ = ^{Tn,d to simphfy notation. Note that (b') and (c') 
imply 

^1/4 1/4 

minC= min e (-r„ - ai X"^ + 1, -r„ - as i^T"^ + 1). (24) 

Prom the almost sure convergence (5) and straightforward arguments, we get that 

Eg Gliminf Eni , a.s. (25) 

n— >-oo ' 

Hence if E^ holds (and discarding a set a probability zero), we know that also holds for all 
sufficiently large n, and furthermore one has 



hm — - — Ui , hm — - — . 

n->oo pn n—^oc pn 

As explained in subsection 2.1, we may associate with Tn/ a labeled p-tree 6n/, by renaming 
the vertices and subtracting the label of the root Zn/ from all labels. With this labeled p-tree 
we associate a DMGB, which is denoted by Mn/, and we write d^^^ for the distance on this 
DMGB. 

We denote the left and right boundary geodesies in Mn,e by (7n,^(j),0 < j < ^n,e) and 
(7n,^(i)> ^ i ^ ^n,e) respectively. We may now apply the results of Section 4 to Mn/. To this 
end, we first observe that, with the exception of (b'), which bounds the minimal label in 6n/, 
and (f), which bounds the size of r„/, the properties (a')-(f') do not depend on the labeled 
p-tree 9n/. Hence, conditionally on E^/ and on the size |t„,£|, the labeled p-tree 9n^i is uniformly 
distributed over labeled p-trees with the given size, subject to the condition that the minimal 
label satisfies condition (b'). 

Let {Sn)n>o be the monotone decreasing sequence converging to constructed in Lemma 4.3. 
To simphfy notation, we set 

1/4 

= L(i + xy/'^K-' , = <^L^-«„j . 

We define F„ £ as the subset of E^/ determined by the following condition: For every integer j 
such that Qn/ < j < a and for every j' e {0, 1, . . . , [a }' 



r' 
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Lemma 5.2. We can find a constant ai G (0, 1), and another constant Ci, which depends on 
/J,, A and k but not on the choice of r G [a*;^]; such that, for every integer £ > 21q, 



lim sup P 

n— >-oo 



{'Jn < (1 - K)pn} n ( fi f;,)] < C, {a,Y . 



k=\l/2\ 



Proof: Let £i, be distinct elements of { L£/2j , . . . , for some integer i > 2£q. We first 

observe that conditionally on the event 

m 

A {a„ < (1 - K)pn} H ( f| E^^.) n ( fj 

j€{[e/2i,...,e}\{h,...,em} i=i 

and on the variables |t„^^J, . . . , |t„_^^|, the labeled trees On/^, ■ ■ ■ , On/m independent and 
their respective conditional distributions are as described above. At this point, we use the fact 
that K > OL\lo^2- Thanks to this fact and to (24), the property (d') written at order £ — k 
(assuming that En,k holds) puts no additional constraint on the labeled trees 9n,k' for values 
k' ^ k such that En^^i holds. 

We now use Lemma 4.3 with a replaced by a/np (recall that we assumed a/np < ao), Pi 
replaced by (q!2 + P2)/ i^p and j32 replaced by (1 + A)~^/'^(q;i + Pi)/ K,p. In applying Lemma 4.3, 
we note that the condition 

/a2+^V |i/4 ^ ^ / (l + A)-V^(ai + /3i) v ^1/4 

together with (f) implies that (b') holds. Using formula (16) and supposing that n is large 
enough so that we can apply the estimate of Lemma 4.3, we get the existence of a constant 
Oi > such that, conditionally on the event A and on the variables |t„_^J, . . . , |r„^£^|, the 
property 

^^^'{in,m.in,tm > ^^/H7;A(/)'7nA(LT^i^n/.r/i)) 

Orvp 

+ J - - \rnA\'^' - 2, (27) 

Orvp 

holds, for every J G {lJ^Jrn,e^'/^\, . . . , lfJrn,e^'/'\} and / G {0, 1, . . . , L^|r„,,Ji/^J}, with 
probability at least ai, independently for each i = I, . . . ,m. By (f '), we have 

K-''^n<\rr,,,,\<{l + X)K-'''n 

for i = 1, . . . , m, on the event A. Prom this observation, and using also the trivial bound 

we see that, conditionally on A, the event F„ holds with probability at least oi, independently 
for each i = 1, . . . , m. 
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It follows that, for all sufficiently large n, 



K<(i-«Wn( fl Fi,) 



k=\e./2\ 

{(Jn < (1 - ^^)pn} n ( p| 

je{L^/2j,.../}\{€i,.../^} 

m 

< Yl (1 - air p[K<(i-«:Wn( n K,j)n{f]^n, 

{ei,...,e,n}c{W2\,.../} je{[e/2\,...,e}\{ei,...,em.} ' ' 



{^l,-,^m}C{L^/2j,.../} 



i?:;.)n(n(i?n/.nF;^ 

i=l 



=1 



'-{o-n<(l-K)pn} 



Hence, using (23) and (25), 



lim sup P 



K<(l-«:)pn}n( fl F;,)] <e[1{5.<i-k}(1-«i)^'=l^/^J'"^] (28) 



fe=[€/2j 

and the desired result now follows from Lemma 5.1. 



□ 



We can now state and prove our main estimate. We set S'^ = sup{s >Q:Zs — — r}, and we 
also put, for every 5 G (0,r], 

n'Ar) — supjs < 5"' : = min and Zs — —r-\- 5\. 

We write Te{Tis{r)), resp. Te{Tl's{r)), for the subtree of descendants of Pe{Tis{r)), resp. of 
Pe{r]g{r)), in 7^. We also let L(s*) denote the ancestral line of Pe{s*) in 7^. We then con- 
sider the event 'Hr,n,K where the following properties hold: 

(i) Sr < oo and k V 77^(r) < s* < (1 — k) A 77j[j(r) ; 

(ii) inf D(n(a),n(6))> sup D(n(a), p(5,)) ; 

(iii) M D(U{a),U(b)) > sup D{U{a),p(Sr)). 

We will see later that if fi and k, are chosen sufficiently small, the probabihty of the comple- 
ment of 'Hr,,x,K in {Sr < oo} Can be made arbitrarily small. 

Lemma 5.3. We can find a constant /3 e (0, 1), and another constant C , which depends on A, 
/J, and K, hut not on the choice of r & [a*;^]? such that, for every e e (0, 1), 

D{z, r(r)) < D{z, r(r + £)) + £ and D{z, r(r)) < D{z, T{r - e)) + e}] < C . (29) 
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Proof of Lemma 5.3: Clearly, we may assume that e is small enough so that ^/e < ///2. 
Consider the event 

— {Sr+£ < oo) r\ \ sup Zs<—r-\-^/e, sup Zg < —r -\- ^/e\. 

By Lemma 2.2, the probability of {S^+e < oo}\^q is bounded above by a constant times 
. If holds, both pe{Sr-e) and pe{Sr+e) belong to Teijj^ij-)) and a fortiori to 7^(?7^(r)), 
and a similar statement holds for pe{S'^_^) and pel'S'^+e)- This implies in particular that 

P^{[Sr-e,Sr+e]) C Te{v^{r)) and Pe ( +e, 5' _e] ) C Teiv'^ir)) . 

In the first part of the proof, we assume that both and the event considered in the lemma 
hold. Then there exists a point z satisfying the conditions given in (29). Let a; be a geodesic 
path from z to r(r) in moo- If hits the range of F before arriving at r(r) then clearly it must 
stay on that range (we use the fact that F is the unique geodesic from p(0) to p(s*)). 

Next suppose that wc have uj(to) G p([0,S'r]), for some to ^ [^^ D{z,T{r))]. We claim that 
necessarily cj(to) £ n(7^(77^(r))). To see this, write uj^to) = p(so) with Sq G [0,5*^], and 
observe that it is enough to verify that Sq > Srs- However, if Sq < Sr-e, by concatenating 
{u{t),0 < t < to) with the simple geodesic (rsQ(t),0 < t < r + Zg^), we get a geodesic 
from z to F(r) that visits F(r — e). This implies that D(z, F(r)) = D{z, F(r — £))+£, which 
contradicts our assumptions on z. This contradiction proves our claim, and similarly we get 
that if uj(to) G p([5''., 1]) then necessarily uj{to) G n(7^(77^(r))). 

Note that F(r) ^ p([^/i(^)) ^^i(^)])) and set 

T = infO>0:a;(t)^p([r/^(r),r/;(r)])}. 

If Lj{T) G p([0, 5"^]) U p([S';, 1]), the preceding observations imply that u{T) G n(7;(?7^(r))) U 
n{%{v'^{r))). lico{T) i p([0,5,])Up([5;,l]), thenc^(T) G p([5„ r/^(r)]) U p([r;;(r), 5,]). 
Since p([5'^, r\^{r)\) C ^[J'^{ri^{r))) and p([r;^(r), 5^]) C n(7;(r7^r))), we get in both cases that 
a;(T)Gn(re(77,(r)))un(re«(r))). 

Prom the fact that z satisfies the conditions in (29), we immediately get that 

D{uj{T), F(r)) < D{uj{T), F(r + £))+£ and D{uj{T), F(r)) < D{uj{T), F(r - e)) + £. 

Replacing z by u;(T), we see that the event considered in the lemma is a.s. contained in the 
union of {-S^+e < oo}\^o events ^""^ where 

^! := ^r,^,. n {5,+, < oo} n {3z G p([r/^(r),r/;(r)]) n n(re(r7^(r))) : 

D{z, F(r)) < L'(^, F(r + £)) + £ and L'(;2, r(r)) < D{z, F(r - e)) + e\} 

and ^1 is the analogous event with n(7^(77^(r))) replaced by n(7^(77j[j(r))). 

Let I = i{e) be such that K~^~^ < ^ < K~^. We assume that e is small enough so that 
£{e) > 2£o. We claim that 

e 

(^^n>lf)climinf (K<(l-/^)pn}n( f| F^,)), a.s. (30) 

k=l£/2} 
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By Lemma 5.2, the probability of the set in the right-hand side is bounded above by Ci'a}'^'' 
with a constant ai < 1. This gives the desired estimate for the probabihty of I"' -^i- 
analogous argument gives a similar estimate for the probability of A^^} A%. Since we have 
already obtained the desired bound for the probability of {S^+s < oo}\^0' proof of Lemma 
5.3 will be be complete. 

In order to establish (30), we first observe that, since A\ C {Sr+e < s* < 1 — k}, we have 

A\ C liminf{(T„ ^ (1 ~ k)P'^}-, ^--S- (31) 

n— >oo 

Consider the event 



= limsup ({an < (1 - K)pn} n ( |J 

We will prove that 

(AlnAl) ciB'Y, a.s. (32) 
Ou claim (30) follows from (31) and (32). 

It remains to prove (32). To this end, we assume that both fl^f and B'^ hold, and we will 
see that this leads to a contradiction (except maybe on a set of probabihty zero) . We first choose 
^ £ p([^m(^)) ''^At ('")]) 1^ n(7^(?7^(r))) such that the property stated in the definition of Al holds, 
and we let cu be a geodesic from z to T{r). Note that 11(7^ (77^ (r))) is contained in p([0, s^]) by 
condition (i) in the definition of "Hr.p.K- Then, from condition (ii) in the definition of 'Hr,^,^, and 
the fact that z G n(7^(?7^(r))), we get that u does not visit Il{L{s^ j). Next we observe that the 
boundary of p([0, s*]) is the union of the range of F and the set n(L(s*)), and we already noticed 
that if CO hits the range of F it then stays on this range. From these observations, we get that 00 
stays in the set p([0, s*])\n(L(s*)). Moreover, as noted at the beginning of the proof, we know 
that u does not visit p([0, Sr]) strictly before entering Il(Te{ri^{r)). We choose Si G (rj^ij-), s^) 
such that z = p(si). This choice is possible since we know that z G p(['7/i('"), ''7^'")]) and the 
cases z — p{r)^,{r)) and z G p{[s*,r)'^{r)]) are excluded by the preceding discussion. 

We will now argue that similar properties hold for the approximating discrete models. Recall 
the notation introduced after the statement of Lemma 5.1. In particular, yn,Q,yn,i, ■ ■ ■ are the 
(white) vertices of the ancestral line oivn = "^^^1 ^'^'^ VrLipn r(v^) ^^^^ vertex on this ancestral 

line with label strictly larger than — r„ + \/e- — . We denote the subtree of descendants of the 
vertex Z/n,^„..(Vi) by Tn,{^ey We also set 

= r-n + -— J , r^^^ = rn-\_e—-\. 

Hp Hp 

Our assumption that Aq holds ensures that, for n large enough, 7n(r„,£) and jniT^n,e) both 
belong to the subtree t„ 

We also let in,* '■— min{i : = mino<j<pn ^"}- Notice that in,*/pn converges to s* as 
n 00, a.s. Recall our notation j.(/i) for the index corresponding to the last visit of the 
vertex |/n,i/'n,r(At) by the contour sequence of r°. Then the convergence (5) entails that 

hm = rif,{r). 

n^oo pn 
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We choose a sequence of integers in {0,1, ... ,pn — 1} such that 'ifn,r{lJ') < jn < in,* a-nd ^ 
converges to Si as n — )■ oo. We set z„ = . 

Consider then, for every n, a geodesic ujn from Zn to in M„, and recall that we have 
v'^^ = 7n(rn), where jn is the simple geodesic from (the first corner of) to d. We may and 
will assume that if oun hits the range of the simple geodesic 7„ it stays on that range. We first 
observe that, for n large enough, a;„ must stay in the set {vf : < i < in,*}- Indeed the path 
Un starts from a point belonging to this set and can exit it only if it visits the range of the 
simple geodesic 7„ (but in that case cu„ will stay on this range as already mentioned) or if it 
visits the ancestral line of the minimizing vertex . The latter case is also excluded since if 
it holds for infinitely many values of n, it follows by an easy compactness argument that there 
is a point y e n(L(s*)) such that D{z, r(r)) — D{z, y) + D{y, r(r)), which contradicts the fact 
that geodesies from z to r(r) do not visit n(L(s*)). 

Let denote the first hitting time of t„,(^) by the path ujn- We then claim that, again if n 
is large enough, ojn does not visit {v'1 : < i < (t„} strictly before H^. Indeed if this occurs for 
infinitely many values of n, a discrete version of the arguments of the beginning of the proof 
(using simple geodesies) shows that dgr{zn,^n{rn)) = c^9r(^n, 7n('^n,J) + ^sr-(7n('^n,J, 7n('^n)) for 
these values of n, and a passage to the limit n — >■ oo gives D{z, r(r)) = D{z, r(r — e)) + e 
contradicting our assumption on z. It follows that, for all large enough n, 

K(i), 0<j<H'Jc {< ■.an<t< i.,n}. (33) 

For j < H^, this is obvious from the preceding remark, and for j = H^, we just note that a 
point of {vf, < i < o'n}\{v'^, an < i < in,*} can be connected to a point of {vf, an < i < in,*} 
only if the latter belongs to the ancestral line of v^^^, which is again excluded by the same 
argument as above. 

We now choose a sufficiently large value of n, such that (33) holds and the event F„ ^ holds 
for some k e {\_l/2\, . . . ,1} (recall that we assume that holds). Recall that the definition of 
Fn,k involves a subtree Tn^k branching from the right side of the ancestral line of and that 
Vn,k-i^'n,k\ interval corresponding to visits of vertices of Tn,k in the contour sequence of 

T°. Also recall properties (a')-(f') listed after the statement of Lemma 5.1. Note that since 
^-€o+2 property (a') implies j„ > '^n,r{lA > ^ n,r{K''^+'^) > r^^.. On the other hand, 

property (a') and the fact that -y/i < K"^ ensure that rn,k > ^n,r{-\/^)- 

We then set T^^ — l+niax{j : ujn{j) G {v^ : i > r'^ i^}} < H^. We observe that uJn{Tn k) must 
belong to the subtree r„^fc. Indeed, from properties (b'),(c') and (d') we see that the minimal 
label on r„ fc is strictly smaller than the minimal label in . . . ,r„ fc}, and thus a vertex of 
{f" : cr„ < i < rn,k} cannot be connected by an edge to a vertex of {f" : r'^^,<i < in,*}- The 
fact that uJn{Tn k) ^ '^n,k implies that T!^ j^ < 

We also set Tn,k = min{j > T^ ,^ : ujn{j) e {vf : (7„ < i < r„,fe}} < H^. Informally, we may 
say that uin{T^^f^ is an entrance point "from the right" for the tree r„^fc and ijJn{Tn,k ~ 1) is an 
exit point "from the left" for this tree. More precisely, in the DMGB Mn.k associated with Tn,k , 
the vertex corresponding to Un{T^k) i^ connected by an edge to a vertex in the range of the 
right boundary geodesic, namely to the point 'Jn,ki^n)j with 

K = C(t;,) - niin{C : v G rn,k}: 
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and uJniTn^k — 1) corresponds to a point of the left boundary geodesic, namely to the point 
7„,fe(^n), with 

= C(T„.,-i) - min{C : v G Tn,k] + 1- 



— r 




Figure 5. Illustration of the proof. The thick curve represents the evolution of labels along the ancestral line of 
IniTn) (going backwards to the root). The subtrees are those branching from the right side of this ancestral line. 
The small black disks correspond to points of the simple geodesic 7„. The traversal lemma makes it possible to 
force the geodesic cOn to visit a point of the range of jn between times f. and Tn^k — 1> without increasing too 
much its length. 



We next observe that 



K < (2ai + a)K- 



n 



1/4 



(34) 



To see this, we use condition (e') to select an index jo e {t/jn,r{K'''''^'^), . . . , — 1}, such that 

'^Vnjo —f'n + oiK^'' Notice that uj(T^^^) belongs to the subtree of descendants of yn,joi but 
'^n(O) = Zn does not belong to this subtree (because j„ > '^n,rif^) and K'^^"^ < i^-^(>+2 < 
Then, from the construction of edges in the BDG bijection, we get that the first vertex on the 
path Un that belongs to the latter subtree must have a label smaller than or equal to the label 
of Unjo ■ If Wn denotes this vertex, we have thus 



C < C . < -r-n + aK 

Wn — an, JO 



-k 



n 



1/4 



(35) 



Then, using the bound (4), and (d') and (24) to bound the minimal label between (7„ and 
■^n{K~^^'^), we have 



dgrivn, < C„ + - 2 . min C + 2 < {2a, + a)K- 



n 



1/4 



On the other hand, since the points uJn{T^ k) come in that order on the geodesic 
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we have also 

^(^V:j-a + (C(n.j-CJ 



> + 2(-r„ - aiX-*^ + 1) + r„ - (-r„ + 



= 2< - (2aii + 5)X-^ + 2. 

In the second inequahty, we used (35) and (24), which gives a lower bound on the minimal 
label in Tn,k- Our claim (34) follows by combining the last two displays. 

The same argument shows that (34) still holds if we replace A'^ by An — 1 (in fact the same 
bound holds for the difference between the label of any vertex of Tn,k that is visited by the path 
ujn and the minimal label on Tn,k)- 

The crucial observation now is the lower bound 

Tn,k - K^k > d^gr\%,ki0^^n,k{An)). 

This is clear since between ^ and T„ ^ — 1 the path Un stays in the tree Tn,k and uses only 
edges that arc present in the associated DMGB Mn ^. Recalling that 2ai + 5 < a, we can then 
use the bound (26) to estimate c?gr''(7n,fe(^n)) 7n,fe(^n))- 
Suppose first that An > (0:2 — ^2 

^^-kn_±_ (the Other case, which is simpler, will be considered 

next). We use the fact that Fn^k holds. Since q;2 — ctg > (1 + A)^/^^, we can apply (26) with 
i = k, j = An and j' = A'n, and we get 

d:r'{lnA^n),in,ki^'n)) > ^^'(7n,fe(?n,fc) , f„,,(^;)) + - qn,k - ^'n^k^-' u'" ■ 

It follows that we can modify the part of the path a;„ between times T'^^^ and T„ ^ — 1 in such 
a way that the new path goes through the vertex = ^n,kiQn,k), and the length of Un is 
increased by at most ^^^fT"^ n^/^ < Write u'n for the new path obtained after this 

modification. Now notice that 

= (C„, - min O + min C < qn,k - Vn - a, R-'^ < -r„ - a'.K'' 

using (24) in the first inequality, and then the bound 0:2— 0:2 > (1 + A)^/"^^. However by property 
(d'), the right-hand side of the last display is strictly smaller than min{£^ : i e [o'n,'>^n,k]}- This 
implies that the simple geodesic <^((t„) starting from Vn = v'^^ will visit the vertex Hence, 
we can modify the path ui'^ without increasing its length, in such a way that it coalesces with 
the (time-reversed) simple geodesic 7^ before entering the subtree t„,(^)- In particular the 
modified path u)'^ will visit the vertex ^n{j'n,e)-i which belongs to the subtree t„ (^), and we 
have obtained 

dgr{Zn,Vn) > dgr{Zn, 7n(r„,e)) + {Vnx " ?^n) " 5^,^ n^^^- (36) 

If An < (^2 — a2)K^''^^^^, we get the same bound (36) without the term ^'^^n^/^ in a much 
simpler way, since the same arguments as above directly show that the simple geodesic <^(ct„) 
starting from v„ visits the point 7n,A;(^n) = ^^n{Tn,k - 1) after visiting 'yn{rn,e)- 
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Finally, the lower bound (36) holds for any (sufficiently large) n such that F„ jt holds for 
some k G [£/2,£J. We are assuming that there are infinitely many such values of n, and so we 
can pass to the limit n ^ oo in (36) after multiplying by KpU^^^^ to get 

D{z,r{r)) >D{z,r{r + e)) + e. 

This contradicts the fact that z satisfies the property given in the definition of Al- This 
contradiction completes the proof of (32) and of Lemma 5.3. □ 

6 A preliminary bound on distances 

The proof of our main theorem uses a preliminary estimate, which we state in the following 
proposition. 

Proposition 6.1. Let 6 G (0,1). There exists a (random) constant Cs such that, for every 
x,y e moo; 

D*{x,y)<CsD{x,yy-'. 

Proof: We write B£){x,h), resp. B£)*(x,h), for the open ball of radius h centered at x in 
(nioo, -D), resp. in (rrioo, D*). As usual, the corresponding closed balls are denoted by Bjji^x, h) 
and BD*{x,h). Recall from subsection 2.5 the definition of the volume measure Vol on rrioo. 
From Corollary 6.2 in [16], there exists a (random) constant cs such that, for every h G (0, 1), 

sup Yo\(BD{x,h)) < csh'^-^. (37) 

On the other hand, it is also easy to verify that, for every h G (0, 1), 

M Yo\(BD*{x,h)) >c'sh'^+^ (38) 

for some other (random) constant c'^ > 0. To obtain this estimate, just use the bound D*(a, b) < 
D°{a, b) for a,b E Te, and the fact that the process (^t)o<t<i is Holder continuous with exponent 

\ — £, for every s > 0. 

Let x,y E moo, and let cu = {u!{t),0 <t< D{x,y)) be a geodesic from x to y with respect 
to the metric D. To get the bound of the proposition, we may assume that < D{x, y) < 1/2. 
Put to = and set 

ti = sup{i > : u{t) G BD*ix, D{x, y))}. 

If ^1 = D{x, y), we stop the construction. Otherwise we proceed by induction. For every integer 
n > 1 such that t„ has been defined and tn < D{x,y), we set 

tn+i = sup{t > tn : uj{t) G BD*{uj{tn), D{x,y))}. 

A simple argument, using the fact that the topologies induced by D and D* coincide, shows 
that the construction stops after a finite number rimax of steps. The key point now is to observe 
that the balls Bj:)*{u{ti), ^D{x,y)) and BD*{u!{tj), ^D{x,y)) are disjoint if < i < j < Umax- 
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Indeed, if this is not the case, we get uj(tj) G B£)*{u{ti), D{x,y)) and thus tj < ij+i, which is 
absurd. Using (38) and the bound D < D*, it follows that 

n^a. X c'si^^y^' < Vol(Bn{x,2D{x,y))). 

On the other hand, (37) gives 

VoI(Bd{x, 2D{x,y))) < cs2^-' D{x,y)^-'. 
By combining the last two bounds, we get Umax < ^ 2^ D(x, y)~'^^. Since 

D*{x,y) < D*{u{0),u{h)) + ■■■ + D*{u{tn^^^.i),u{tn^J) < nmaxD{x,y) 
the proof of the proposition is complete. □ 



7 Proof of the main result 

In this section, we suppose that z is a random point of rtioo distributed according to the 
uniform measure Vol. We may define z = Pe{U) where U is uniformly distributed over [0, 1] 
and independent of all other random quantities. Recall the constant /3 from Lemma 5.3. 

Lemma 7.1. Let u > and A > u, and, for every integer k > 1, let T-Lk{z) he the collection of 
all integers i with \ 2''u\ < i < L2^(A A A)\, such that we have both 

D{z, r(i2-'=)) < D{z, r{{i + 1)2-'=)) + 2-^= 

and 

D{z, r(i2-'=)) < D{z, r{{i - 1)2-*=)) + 2-^ 
Then, for every P' e (0,/3), 

Proof: We fix a constant k, G (0, 1/4), and // G (0, u\. We consider the subset H'^iz) of Hk{z) 
that consists of all integers i G Hk{z) such that z G p([77^(i2"'=), 77^(^2"'=)]), 



K V 7]|.{^'2-'') < < (1 - «) A v'l^i^^-'), 



and 



inf D{U{a),U{b)) > sup D{U{a),p{Sr)) , (39) 

ae%{vAi2-'')),beL{s*) ae7;(r?^(i2-'=)) 

inf D(n(a),n(6))> sup D{U{a),p{Sr)) . (40) 

ae7;()?;,(i2-'»)),feeL(s.) aeTB(ri'^(i2-'')) 

By Lemma 5.3, we have for every i such that [2^=^] < i < [2^=^], 

P[ten'k{z)]<C2-''^. 



46 



Prom this bound, it immediately follows that, if < ^' < ^, 

2-^'-^'^'m',{z) ^ 0. (41) 

To complete the proof, we need to control ^{Hk{z)\H'k{z)). We first note that the property 
K < < 1 — K holds on an event of probability arbitrarily close to 1, if k is chosen small 
enough. Furthermore, on the event {k < < 1 — k} , we have 

n,{z)\H',{z) C (?^(^Hz) U?^f (z) U?^f (z) U?^l^)(z) U?^f (z) U7/f (z)) 
where 'HI^\z), nf\z) are the subsets of {[2*=-^] + 1, . . . , [2^=^] - 1} defined by 



ni\z) 


= {t: 


: Si2-k 


<oo, z e p([S'(i_i)2-fc,S'[._i)2-fc]) and < ri^{i2~^)} 






'■ Si2-k 


<QO, ze p([^(i-i)2-fc,^Ji_i)2-fe]) and > ?7^x(«2"*')} 


nf(z) 




■ Sl2-k 


< oo and z e pi[S^i_i)2-k,V^ii2-'')])} 




-{i 


■ Sl2-k 


< oo and z e p([r7;(i2-'=),5;._,)2_fc])} 


nt\z) 


= {^: 


• S.l2-k 


< oo, 2; G p([S'(j_i)2-fc, 5'(._;^)2-fc]) and (39) fails} 


nfiz) 


= {t: 


■ Si2-k 


< 00, ^ e p(['S'(i_i)2-fc,5'Ji_i)2-fc]) and (40) fails} 



(notice that if 2; e p([0, 5'(j_i)2-'^])) or if z G p([>S'|^_^)2-'=' ^D' considering a simple geodesic 
starting from z, we get automatically D{z, r(i2~'^)) = D{z, r((i — 1)2~*^) + 2~'^, so that z cannot 
belong to 1-Lk{z)). 

Then, if 1-L^^\z) ^ 0, wc can find r > u such that Sr < 00, s* < r^^(r) and z e p{[Sr, S'^]). 
Hence, if we define, on the event {A > u}, 

— inf{r > u : Sr < 00 and < 77ju(r)} 

we have 

00 

(Ui^i'^(^) 7^ 0}) c {A > e P{[Sr,.S'r^])}. (42) 
fe=i 

Then 

P(A >u,ze p([5.„ 5;])) = £;[1{A>.} (5; - 

We claim that — >^ A as | 0, a.s. on the event {A > u}. To see this, we observe that 
on the latter event we have for every e e (0, A — it), 

inf (r - ^pe(Sr)Ape(3.)) > 0- (43) 

Indeed, if the infimum in (43) vanishes, a compactness argument gives Tq G [0, A — v\ such that 
either ^pe(5.o)Ape(s*) = ^o, or Zp^(^Sr^^)^p^(s,) = Tq (here 5^0+ stands for the right hmit of r 5"^ 
at r = ro). However, this implies that Pe(5'r.„) = Pe(5'r.„) Ape(s*), or pe(5'r„+) = Pe(5'r.o+) Ape(s*), 
is an ancestor of Pe(s*) in 7^, which is impossible since Lemma 2.1 shows that all vertices of 
the form Pe{Sr) or Pe{Sr+) are leaves of 7^. 
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Then (43) implies that r^^ > A — £ if is small enough, and gives our claim. Once we know 
that — > A as fi 10, dominated convergence entails that the left-hand side of (42) tends to 
as /i — 7> 0. So by choosing /i small enough, we get that all sets 'H^i!'\z) are empty, except on 

(2) 

a set of arbitrarily small probability. The same argument applies to the sets "H^ (z). 
Then, we have 

oo 

k=l r>u,Sr<oo 

Using again the fact that the vertices Pe{Sr) are leaves of Te, one easily verifies that the sets 

P( U [SrMr)]) 

r>u,Sr<oo 

decrease when fi XO to the set {r(r) : u < r < A}. Since the latter set has zero volume, we get 
that the probability of the event in the right-hand side of (44) tends to as // J, 0. So we can 
choose j2 > sufficiently small so that all sets H^^^ (z) are empty, except on a set of arbitrarily 
small probability. The same argument applies to the sets T-L^^\z). 

Finally, we consider 'Hf\z). Let 5 > 0. We observe that 

U n(re(r/,(.2-^))) c U n(re(r/,(r))). 

[2*«J<j<[2'=(A-5)J u<r<A-5 

In a way similar to the previous step of the proof, we can check that the sets 

U UiTMr))) 

u<r<A-S 

are closed and decrease a.s. to {r(r) : u <r < A — 6} when 4- 0. Furthermore, it is not hard 
to verify, again by a compactness argument, that 



sup ( sup D(x,y)) 0. 

i<r<A y x,yeU{TeMr))) ^^"^^ 



u<r<A \ x,yeU{TMr))) ^^'^^ 

Since 

inf D(r(r),n(6)) > 0, a.s. 

u<r<A-5,b&L{s,) 

it follows from the preceding considerations that, for any given (5 > 0, we can choose // > 
sufficiently small so that the property 

sup ( sup D{x,y))< inf ( inf D(n(a), n(6))) 

holds with a probability arbitrarily close to 1. If the latter property holds, this means that the 
only indices i for which (39) may fail arc those such that i2~^ > A — S. For such indices i the 
property z G p([5'(j_i)2-fc, 5'^j_i-)2-fe]) implies that z G p([S'a-5, 5'^_5]) and if 6 has been chosen 
small enough this also occurs with a small probability. So again we can choose > sufficiently 
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small so that all sets 1-L\. '{z) are empty, except on a set of arbitrarily small probability. The 
same argument applies to the sets %f\z). 

From the preceding arguments, we can fix k and /i sufficiently small so that outside a set 
of small probability we have Hkiz) = Hk^z) for every k. The conclusion of Lemma 7.1 now 
follows from (41). □ 

Theorem 7.2. We have D{y,y') — D*{y,y') for every y,y' e m^, almost surely. 

As was already explained at the end of subsection 2.5, Theorem 1.1 (in the bipartite case) 
readily follows from Theorem 7.2. 

Proof: It is sufficient to verify that the identity of the theorem holds when y and y' are inde- 
pendently distributed according to the volume measure on moo (indeed if D{yo, y'^) < D*{yo, y'^) 
for some |/o, 2/o € nioo, then the same strict inequality holds for every y and y' sufficiently close 
to yo and yQ respectively, and we use the fact that the volume measure has full support in moo). 
Let z be as in Lemma 7.1. Since the distinguished point in a uniformly distributed rooted and 
pointed 2p-angulation is chosen uniformly at random among the vertices, it is easy to verify 
that the random triply pointed metric spaces (moo, n(p), a;^,, 2;) and (moo, n(p), |/, |/') have the 
same distribution. A simple application of Theorem 8.1 in [16] then gives the following identity 
in distribution: 

(moo, n(p), X*, z) = (moo, y, y', x*). (45) 

Let r = (r(t),0 < t < D{y,y')) be the almost surely unique geodesic from y to y' in 
(moo,-D). The almost sure uniqueness of this geodesic follows from Corollary 8.3(i) in [16]. 
Fix u > and, for every integer k > 1, let 'Hk{y-,y') stand for the set of all integers i, with 
[2*=^] < i < \_2^D{y, y')\ , such that we have both 

D{x., f (i2-'=)) < D{x., V{{i + 1)2-^)) + 2-^ 

and 

D{x,, V{i2-^)) < D{x,, r((i - 1)2-^=)) + 2-^ 
By Lemma 7.1 and the identity in distribution (45), we have, for every /3' e (0,^), 

2-('-^')^#nk{y,y') 0. (46) 

fc— >-oo 

Then let 7^'(y, y') stand for the set of all integers i, with [2*^^] < i < [2''D{y, y')\ , such that 

\D{x,, r(i2-'=)) - D{x,, f{{i + 1)2-^=)) I < 2-K 

If i ^ 'Hl{y, y'), then we have either 

D{x,, r(i2-'=)) = D{x,, r((i + 1)2-^=)) + 2-^= 

or _ _ 

D{x,, r(i2-^)) = D{x,, r{{i + 1)2-^=)) - 2-^ 
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An elementary argument shows that if i G and i' — max{j < i : j E T-Lkiy,!/')}, 

with the convention max = , then, for every integer j such that i' < j < i, we have 

j ^ T-LKyji/'). It follows that i^'Hl{y,y') < i^'Hk{y,y') + 1, and in particular (46) implies also, 
for every /3' G (0,/3), 

2-^'-^'^'mi{y:y') ^ 0. (47) 

fe— >oo 

Now suppose that i E {[2*^], • • • , [2''D{y,y')\ - 1} is not injH*(i/, ?/')• Then cither f (i2-^) 
lies on a geodesic path from r{{i + 1)2"^^) to x^,, or conversely r((i + 1)2"'^) lies on a geodesic 
path from r(i2~*^) to a;,^. By Theorem 2.4, any of these geodesic paths is a simple geodesic, and 
is also a geodesic in {m^,D*), so that, using (6), we have D*{T{i2^''),T{{i + 1)2"'')) = 2~'^. 

To conclude, we write, for u < D{z, z'), 

\2''D{y,y')\-l 

D*iy,y') < D*iy,Ti2-\2'u\)) + Z^*(r(^2-'=), r((^ + 1)2-^) 

i=[2'=uj 

+ D*{r{2-'[2'D{y,y')\),y'). (48) 
By previous observations, 

l2''Diy,y')i-l 

D*{Tit2-'), r((z + 1)2-^') < 2-\2'D{y, y')\ 

i=[2*uj 

+ {mi{y,y')) X sup D*{f{t2-'),f{{t + l)2-')). 

0<i<l2l'D{y,y')} 

Proposition 6.1 implies that, for every S G (0, 1) there exists a (random) constant cs such that 

sup L»*(r(i2-'=),f((i + l)2-'=)) < C5 2-*^M. 

0<i<[2''D{y,y')\ 

Applying this bound with 5 < P and using (47) we get 

miiy, y')) X sup D*{r{i2-'^),r{{i + 1)2-')) ^ 0. 

We can now pass to the hmit A; — > oo in (48), using the fact that the topologies induced by 
D and D* are the same, and we get 

D*{y,y')<D*{y,r{u)) + D{y,y'). 

But this holds for any u > 0, and by letting m — )■ 0, we obtain D*{y,y') < D{y,y'), which 
completes the proof. □ 

Let us state a corollary that will be useful when we deal with the case of triangulations. 

Corollary 7.3. Let U and V be two independent random variables uniformly distributed over 
[0, 1], and such that the pair {U, V) is independent of (e, Z). Then, 

D*{U, V) D*{s,, U)^Zu + A A. 
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Proof: The second equahty is easy from the definition of D*. The last identity in distribution 
is a consequence of the invariance of the CRT under uniform re-rooting, see in particular [19, 
Section 2.3]. Let us prove the first identity in distribution. We consider the setting of Theorem 
2.3 with p — 2. Let = i(0) < i(l) < ■ ■ ■ < i{n) be the indices corresponding to the first visits 
of vertices of t° by the white contour sequence. Then, we have 



sup 

0<t<l 



2n 



^ 0, (49) 



(P) 

where the notation — > indicates convergence in probability. This result follows from the 

standard arguments used to compare the contour function of a plane tree with its so-called 
height function, see e.g. the proof of Theorem 1.17 in [14]. From (49) and the convergence 
(5), it is a simple matter to obtain that D*[U,V) = D{U,V) is the limit in distribution of 
Kpn~^^'^dgr{Xn,Yn) whcrc Xn and Yn are independently and uniformly distributed over m„. 
However, this is also the limiting distribution of Kpn~^^^dgr{Xn, d), which by (5) and (49) again 
is the distribution of -D(s*, U). □ 



8 The case of triangulations 
8.1 Coding triangulations with trees 

In this section, we prove Theorem 1.1 in the case q = 3. Similarly as in the bipartite case, we 
will rely on certain bijections between triangulations and trees, which we now describe. These 
bijections can be found in [4], and we follow the presentation of [8], to which we refer for more 
details. 

Recall the definition of plane trees in subsection 2.1. We will need to consider 4- type plane 
trees. A 4-type plane tree is just a pair (r, (typ(-u))„gT-) consisting of a plane tree r and for 
every vertex m G r of a type tjp{u) e {1,2, 3, 4}. To simplify notation, we systematically write 
T instead of (r, (typ(M))„gT-) in what follows, as we will only be considering 4-type plane trees. 
A T-tree is a 4-type plane tree that satisfies the following properties: 

(i) The root vertex is of type 1 or of type 2. 

(ii) The children of a vertex of type 1 are of type 3. 

(iii) Each vertex of type 2 and which is not the root has exactly one child of type 4, and 
no other child. If the root is of type 2, it has two children, both of type 4. 

(iv) Each vertex of type 3 has exactly one child, which is of type 2. 

(v) Each vertex of type 4 has either one child of type 1 or two children of type 2, and no 
other child. 

If r is a T-tree, we write r° for the set of all vertices of r at even generation. Clearly this is 
also the set of all vertices of type 1 or 2 in r. By analogy with the bipartite case, we call the 
elements of r° the white vertices of r. 
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Let r be a T-tree. An admissible labeling of r is a collection of labels assigned to the white 
vertices of r, such that the following properties hold: 

(a) £0 — and £^ e Z for each v e t°. 

(b) Let V e t\t°, let V(o) be the parent of v and let = vj , 1 < j < k, be the children of 
V. Then for every j e {0, 1, . . . , k}, 4^.^^^ > - 1, where by convention V(^k+i) = t'(o)- 
Furthermore if j & {0,1, ... , k} is such that is of type 2, we have '^v(^j+^ > (^v^jy 

Note the slight difference with the analogous definition in subsection 2.L As a consequence 
of property (b), we observe that if a vertex v of type 4 has two children, vl and v2 in our 
formalism, and if u is the parent of v (necessarily of type 2), we have = i^i = £,„2. 

A labeled T-tree is a pair consisting of a T-tree r and an admissible labehng (^„)„gr° of r. 
For every integer n > 3, we write T„ for the set of all labeled T-trees with n — 1 vertices of 
type 1. It will be convenient to write T„ = Tn^ U Tn \ where Tn \ resp. Tn \ corresponds to 
labeled T-trees whose root vertex is of type 1, resp. of type 2. 

Let denote the set of all rooted and pointed triangulations with n vertices (or equivalcntly 
2(n — 2) faces). Let M G =5^, let d be the distinguished vertex of M, and let e_ and e+ be 
respectively the origin and the target of the root edge. As previously, write dgr for the graph 
distance on the vertex set of M. The triangulation M is said to be positive, resp. null, resp. 
negative, if 

dgr{d,e^) = dgr{d,eJ) + 1, resp. dgr{d,ej^) = dgr{d,e_), resp. dgr{d,e+) = dgr{d,e_) — 1. 

With an obvious notation, we can thus write <^ = U =5^° U =5^^. Note that reversing the 
orientation of the root edge gives an obvious bijection between ^+ and 

A special case of the results in [4] yields bijections between T^^^ and on one hand, and 
between Tn '^ and on the other hand. Let us describe the first of these bijections in some 
detail. We start from a labeled T-tree (r, {£u)u&t°) ^ 'Tn \ and let k be the number of edges of 
T. The white contour sequence of r is the finite sequence {vq, Vi, . . . , v^) defined exactly as in 
subsection 2.1, and we set Vk+i = Vi for 1 < i < k. Note that every corner of a white vertex v of 
r corresponds exactly to one index i E {0,1, . . . ,k — l}, such that Vi = v, and we call this corner 
the corner Vi as wc did previously. We assume that the tree r is drawn on the sphere, and as in 
subsection 2.2 we add an extra vertex d, which is of type 1 by convention. We then draw edges 
of the map according to the very same rules as in subsection 2.2: Ifie{0,l,...,A; — l}is such 
that iy. = mm{iy,v G r°}, we draw an edge between the corner and d, and on the other 
hand if i is such that i^- > Tain{i^,v G r°}, we draw and edge between the corner Vi and the 
corner vj, where j is the successor of i. Note that in the latter case the vertex vj is always of 
type 1. This follows from the fact that if the vertex Vm is of type 2 we have always i^^ > ivm-i 
by our labeling rules. 

By property (iii) in the definition of a T-tree, each vertex v of type 2 in r has exactly two 
corners, and therefore the preceding device will give exactly two edges connecting v to vertices 
of type 1. To complete the construction, we erase all vertices of type 2 and for each such 
vertex v, we merge the two edges incident to v into a single edge connecting two vertices of 
type 1 (which may be the same). In this way, we obtain a planar map M whose vertex set 
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consists of all vertices of type 1 (including d), which is easily checked to be a triangulation. 
This triangulation is pointed at d and rooted at the edge generated by the case i = of the 
construction. This edge is oriented so that its target is the vertex 0. The mapping 



{r, iQuer^) M 

that we have just described is a bijection from T^''^^ onto 

-1 




Figure 6. A labeled T-tree and the associated rooted and pointed triangulation. Vertices of type 1 are represented 
by big black disks, vertices of type 2 by big black squares, vertices of type 3 by small black disks and vertices of 
type 4 by small black squares. 

A minor modification of this construction yields a bijection from T^^^ onto Edges of the 

map are generated in the same way, but the root edge of the map is now obtained as the edge 
resulting of the merging of the two edges incident to (recall that for a tree in Tn the root 
is a vertex of type 2 that has exactly two children, hence also two corners). The orientation 
of the root edge is chosen by deciding that the "half-edge" coming from the first corner of 
corresponds to the origin of the root edge. 

In both cases, distances in the planar map M satisfy the following analog of (3): For every 
vertex v of type 1 in r, we have 

dgr{d,v) (50) 

where mini denotes the minimal label on the tree r. In the left-hand side v is viewed as a 
vertex of the map M, in agreement with the preceding construction. 

An analog of (4) also holds (again with a proof very similar to that of [15, Lemma 3.1]). Hv 
and v' are two vertices of type 1 of r, such that v — Vi and v' — vj for some i,j e {0, 1, . . . , A;} 
with i < j, we have 

dgr{v, v') < 4. + 4. - 2 max ( min 4^, min 4^ ) + 2. (51) 

\ i<m<j j<m<i+k / 
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8.2 Random triangulations 

Following [23], we now want to interpret a random labeled T-tree uniformly distributed over 
T^''^^ as a conditioned multitype Galton- Watson tree (a similar interpretation will hold for a 
T-tree uniformly distributed over T^^^). We set 

and we let /j, be the geometric distribution with parameter /3: 

l^ik) ^ (1 - 

for A; = 0, 1, . . .. We let t be a random T-tree satisfying the following prescriptions: 

• the root vertex is of type 1; 

• each vertex of type 1 has, independently of the other vertices, a random number of children 
distributed according to fi; 

• each vertex of type 4 has, independently of the other vertices, either one child of type 1 
with probability a, or two children of type 2 with probability 1 — a. 

Recalling the properties of the definition of a T-tree, one sees that the preceding prescriptions 
completely characterize the distribution of t. The random tree t can be viewed as a 4-type 
Galton- Watson tree in the sense of [22] . Note that this Galton- Watson tree is critical, meaning 
that the spectral radius of the mean matrix of offspring distributions is equal to 1. This property 
ensures that the 4-type Galton- Watson tree with these offspring distributions is finite a.s., a 
fact that is needed for the existence of t as above (our T-trees are finite by definition). We 
write t*^^^ for the set of all vertices of type 1 of t. 

Let T be random labeled T-tree obtained by assigning an admissible labeling to t, uniformly 
at random over all possibilities. 

Lemma 8.1. Let n > 3. The conditional distribution of T knowing that #t(^) — n — 1 is 
uniform over Tn^ . 

This lemma is a very special case of Proposition 3 in [23], but it is also easy to give a direct 
proof. Note that the values of /3 and a are chosen (in a unique way) so that the tree t is critical 
and the result of the lemma holds. 

Using Lemma 8.1, we can now apply the invariance principles of [22] to study the asymptotics 
of the contour and label processes of a tree uniformly distributed over Tn \ So let (r„, (£")j,g^o) 
be a random labeled T-tree uniformly distributed over Tn ^ , and let kn be the number of edges 
of Tn- If Vq, v", . . . , v'^^ is the white contour sequence of t„, the contour process {C^)o<i<k„ and 
the label process (A")o<i<fc„ are defined by Cf = and A" = as in the bipartite case, 
and they arc extended to the real interval [0, kn] by linear interpolation. It is also useful to 
define L^, for < j < A;„, as the number of distinct vertices of type 1 among Vq,v", . . . ,v'j. 
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Proposition 8.2. Set A3/2 = |(3 — -\/3) and K3/2 = 3^/^. We have 



sup \n ^L'^knt] -t\ ^ 0. 



0<t<l 



(52) 



(53) 



Using Lemma 8.1, Proposition 8.2 can be derived as a special case of Theorems 2 and 4 in 
[22]. In order to apply these results we need labels to be assigned to every vertex of r„, and 
not only to white vertices, but we can just decide that every vertex of type 3 or 4 is assigned 
the label of its parent. Moreover, it is assumed in [22] that the vectors of label increments 
(meaning the vectors obtained by considering the differences between the labels of the children 
of a vertex and the label of this vertex) are centered, which is not true here. However, as 
pointed out in [23] in a more general setting, a very minor modification makes the vectors of 
label increments centered: Just subtract | from the label of every vertex of type 2 (and from 
the label of its unique child of type 4). Obviously this modification has no effect on the validity 
of the convergence in the proposition. 

We also note that [22] considers the so-called height process, rather than the contour process, 
and the corresponding variant of the label process. However, as we already mentioned in the 
proof of Theorem 2.3, hmit theorems for the height process can be translated easily in terms 
of the contour process (see e.g. Section 1.6 in [14]). 

At this point, it is appropriate to comment on the value of the constants A3/2 and K3/2, since 
the corresponding discussion in [23] seems to contain a miscalculation. We use the notation of 
[22] . The mean matrix of the offspring distributions is 

\ 



/ 


1 



1 




and the associated left and right eigenvectors are 
1 



6- a/3 



1,3- V^,V^-1,3- V3) , b 



6- \/3 



(^-1,1,1,1). 



The quadratic forms Q^'^\ ior i — 1,2, 3, 4, are easily computed as 



Q^'^ (Sl, S2, S3, S,) = 2(x/3 - l)'sl , g(2) = g(3) = , g(^) {S^, S2, S3, s,) = (1 - 

A simple calculation gives 

a-Q{b) = y aiQ^'\b) = -(6 - 3v^)(6 - ^3), 
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and it follows that 



Ai/2 = X y = ^(3- v^) 

(comparing with Theorem 2 in [22], the formula for A1/2 has an extra multiplicative factor 2 
corresponding to the factor ^ in the definition of the contour process). 

To compute K1/2, we then need to evaluate the quantity S in Theorem 4 of [23]. We note 
that the only label increments having nonzero variance correspond either to a vertex of type 
3 (having automatically one child of type 2) or to a vertex of type 4 having only one child of 
type 1, with probability a. In both cases the variance is |. It follows that 

= aa X 62 X 1 + aa4 X 61 X ^ = ^((x/3 - 1) + (^ + ^)(3- v^)(v^- 1)) = i(N/3 - 1), 
and 

Remark. There are more direct ways of computing the constant K3/2, for instance by consid- 
ering the genealogical tree associated with vertices of type 1 (say that a vertex u of type 1 is 
a child of another vertex v of type 1 if f is the last vertex of type 1 that is an ancestor of u 
distinct from u). It turns out that this tree is also a conditioned Galton- Watson tree, whose 
offspring distribution can be computed easily. 

In this subsection, we concentrated on the case of a labeled T-tree uniformly distributed over 
T^''^^ However, Proposition 8.2 remains vahd if we replace (r„, (£")^gr°) by a random labeled 
T-tree uniformly distributed over T^^^ The proof is the same up to minor modifications. 



8.3 Convergence of rescaled triangulations to the Brownian map 

We will now prove the case g = 3 of Theorem 1.1. We consider a random triangulation M„ 
uniformly distributed over and write m„ for the vertex set of M„. We will prove that 

(moo,-D*). (54) 

n— >-oo 

Obviously the same result holds if M„ is uniformly distributed over and only minor 

modifications would be needed to handle the case when M„ is uniformly distributed over S^^. 
Combining all three cases, and using the fact that a triangulation with n faces has f + 2 vertices, 
we obtain the case g = 3 of Theorem 1.1. 

In order to prove (54), we may assume that M„ is the image of a random labeled T-tree 
(Tn, (C)«eT°) uniformly distributed over T^^^ under the bijection described in subsection 8.1. 
We will rely on Proposition 8.2, and we use the notation introduced before this proposition. 
Recall from subsection 8.1 that the bijection between triangulations and labeled T-trees allows 
us to identify 

m„ = r(^) U {d} 
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where Tn^ is the set of all vertices of type 1 in t„. We also set 

m'^ = < U {d} 

and we note that the graph distance on m„ can be extended to m'^^ in the following way. Let 
u e m'^\m„, then it is a vertex of type 2 in t„ and, as already mentioned, u has two successors 
u' and u" (possibly such that u' — u"), which are vertices of type 1. If v e m„, we set 

dgr{v, U) = dgr{u, = ^ + TiAn{dgr{u', v) , dgr{u" , v)). 

li V & m^\m„ and v u, we put 

dgr{u,v) = 1 + mm{dgr{u ,v'),dgr{u ,v"),dgr{u" ,v'),dgr{u" ,v")) 

where v' and v" are the two successors of v. It is straightforward to verify that dgr thus extended 
is a distance on m^. Informally, we may interpret the preceding definition by saying that in 
the triangulation M„ we have added a new vertex at the middle of each edge connecting two 
vertices at the same distance from d, and we agree that this new vertex is at distance | from 
both ends of the edge where it has been created. 

Clearly, it is enough to prove that (54) holds when m„ is replaced by m'^, or even by := 
m'„\{(9}. Let u,v E m^, and suppose that u = and v — for some i,j e {0, 1, ... , kn} 
with i < j. Then, we easily get from (51) that 

dgr{u,v) <dl{i,j) (55) 

where 



d:{t, j) = <(j, ^) = + A ■ - 2 max ( min A^, 



min A^)+2. 
feeO',.-,fcn}u{fc„,...,i} 



We also set dn{i,j) = dgr{vl', v^) for every i, j e {0, 1, ... , /c„}, and we extend the definition of 
both dn and o?° to [0,pn] x [0,pn] by linear interpolation. By (55), we have d„ < On the 
other hand, it immediately follows from Proposition 8.2 that 

U„2n-"^dl{Ks,Kt)) ^ (D°{s,t)) (56) 

\ /0<s<l,0<t<l n-^oo \ /0<s<l,0<t<l 

where D° is as in subsection 2.4, and this convergence holds jointly with (52). Prom the 
convergence (56) and the bound dn < (i° , the same argument as in the proof of Proposition 3.2 
in [15] shows that the sequence of the laws of the processes 

n 

\ /0<s<l,0<t<l 

is tight in the space of probability measures on C([0, 1]^,M). Hence, from any monotone in- 
creasing sequence of positive integers, we can extract a subsequence (?ij)j>i along which we 
have the convergence in distribution 



(A3/2n ^/2C^^t,K3/2n ^/^A^^(,K3/2n ^^"^ d°^{knS,knt), K3/2n ^^^C^n(^nS,M))o<s<i,o<t<l 

{et, Zt, D°{s, t), D'{s, t))o<3<i,o<t<i > (57) 
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where (-C>'(s, t))o<s<i,o<t<i is a random process such that D' < D°. Using the Skorokhod 
representation theorem, we may and will assume that the convergence (57) holds a.s., uniformly 
on [0, 1]^, along the sequence {nj)j>i. Since dn is symmetric and satisfies the triangle inequality, 
one immediately obtains that D' is a (random) pseudo-distance on [0, 1]. 

We claim that 

D'{s, t) = D*{s, t) for every s, t e [0, 1], a.s. (58) 

To prove this, we start by observing that we have D'(s, t) — for every s,t e [0, 1] such that 

Pe{s) = Pe{t), a.s. This follows by exactly the same argument as in the proof of [15, Proposition 
3.3 (iii)]. Recalling the definition of D* in subsection 2.4, and using the fact that D' satisfies 
the triangle inequality, we see that the property D' < D° implies D'{s,t) < D*{s,t) for every 

s,ie [0,1]. 

Then let U and V be two independent random variables uniformly distributed over [0, 1], 
and such that the pair {U,V) is independent of all other random quantities. By a continuity 
argument, our claim (58) will follow if wc can verify that D'{U,V) = D*{U,V) a.s. Since 
D'iU,V) < D*{U,V) it will be sufficient to verify that D'{U,V) and D*{U,V) have the same 
distribution. To see this, let = i(l) < i{2) < ■ ■ ■ < i{n — 1) be the first visits by the 
white contour sequence of r„ of the vertices of type 1 in r^. Also set Un = \{n — 1)U'\ and 
Vn— \{n — 1)V'\, which are both uniformly distributed over {l,2,...,n — 1}. It follows from 
(53) that 

ijUn) (P)^ ^ iiVn) (P)^ y 

Together with (57), this now implies that 

Ks/2n-'/' d,riv?^^^)XivJ £^ D'iU, V) 

as n — )■ oo along the sequence {nj)j>i. Consequently, the distribution of D'{U,V) is the 
limiting distribution (along the sequence (%)j>i) of K,3/2n~^^^ dgr{Xn, F„), where X„ and F„ are 
independently uniformly distributed over m„. Obviously, this is also the limiting distribution 
of 

K3/2n~'/' d,r{d, <(^„)) = Ksf^n-'/' [l^^Ur.) " ■ < i < k^} + l) 

using (50) in the last equality. Prom (57), we now get that D'{U, V) has the same distribution 
as Zu + A. Corollary 7.3 shows that this is the same as the distribution of D*(U,V), thus 
completing the proof of (58). 

Recall from Theorem 2.3 that s ^ t if and only if D*{s,t) = 0, and that rrioo is the quotient 
space [0, 1]/ ~. Once we know that D' = D*, it is an easy matter to deduce from the (almost 
sure) convergence (57) that we have, along the sequence {nj)j>i, 

{m.'^,Ky2n~^^'^dgr) ^ (moo,-D*) 

n— >-oo 

in the Gromov-Hausdorff sense. To see this, define a correspondence between the metric spaces 
(m^, Hz/2'n~^^^dgr) and (nioo, D*) by saying that a vertex v e m" is in correspondence with the 
equivalence class of s G [0, 1] if and only if f = where i = [A';„sJ. Prom (57), the distortion 
of this correspondence tends to along the sequence (%)j>i, a.s., and this gives the desired 
Gromov-Hausdorff convergence. 



58 



Consequently, we have obtained that from any monotone increasing sequence of positive 
integers one can extract a subsequence along which (54) holds. This suffices for the desired 
result. □ 



Remark. The argument of the preceding proof could also be used to deduce the convergence 
of Theorem 1.1 for all even values of g > 4 from the special case q = 4 (note that the statement 
of Corollary 7.3 already follows from this special case). We have chosen not to do so because 
restricting ourselves to quadrangulations would not simplify much the proof in the bipartite 
case, and because some of the intermediate results that we derive for 2p- angulations are of 
independent interest. 

9 Extensions and problems 

9.1 Boltzmann weights on bipartite planar maps 

The argument we have used to handle triangulations can be applied to other classes of random 
planar maps. In this paragraph we briefly discuss Boltzmann distributions on bipartite planar 
maps, which have been studied by Marckert and Micrmont [20]. We consider a sequence 
w = (wj)j>i of nonnegative real numbers, such that there exists at least one integer i >2 such 
that Wj > 0. We assume that the sequence w is regular critical in the sense of [20]. 

For every integer n > 2, we let Bn stand for the set of all rooted bipartite planar maps with 
n vertices. Recall that a planar map is bipartite if and only if all faces have even degree. If M 
is a planar map, we denote by F{M) the set of all its faces, and for every face / of M we write 
deg(/) for the degree of the face /. 

Theorem 9.1. For every large enough integer n, let denote the unique probability measure 
on Bn such that, for every M & Bn, 

Pn{M)=C^,n n 

/eF(M) 

where constant depending only on w and n. Let Mn be a random planar map distributed 

according to ■ Then, ifV{Mn) stands for the vertex set of and dgr is the graph distance 
on V{Mn), there exists a constant > such that 

{V{Mn),a^n-^l%r) ^ im^,D*) 

n— >-oo 

in the Gromov-Hausdorjf sense. 

This theorem can be proved along the hues of subsection 8.3. The main technical tool is 
the BDG bijection for bipartite planar maps, as described in Section 2.3 of [20] (this is very 
close to the BDG bijection for 2p-angulations described above). Analogously to Lemma 8.1, 
[20, Proposition 7] allows us to interpret the tree associated with M„ as a conditioned 2-type 
Galton- Watson tree. Then [20, Theorem 8] yields an analog of Proposition 8.2. The remaining 
part of the proof is similar to subsection 8.3, and we will leave the details to the reader. In 
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contrast with Theorem 1.1, there is in general no exphcit formula for the constant 
however the discussion in Section 3.2 of [20]. 

Remark. In Theorem 9.1, we consider random planar maps having a fixed large number 
of vertices. In the case of g-angulations treated in Theorem 1.1, Euler's relation shows that 
conditioning on the number of vertices is equivalent to conditioning on the number of faces. 
This is no longer true for general Boltzmann weights. The results of [20] are stated for both 
kinds of conditionings, but they arc concerned with rooted and pointed planar maps. In proving 
Theorem 9.1 one implicitly uses the (obvious) fact that for a planar map in i3„ there are exactly 
n possibilities of choosing a distinguished vertex in order to get a rooted and pointed planar 
map. 

9.2 Brownian maps with geodesic boundaries 

In Proposition 3.1, we saw that, along a suitable sequence {nk)k>i, the rescaled DMGBs asso- 
ciated with uniformly distributed 2p-angulations with n edges converge to a limiting random 
metric space, which was identified in Proposition 3.3. We may now remove the restriction to a 
subsequence. 

We keep the setting^f subsection 3.2. In particular, M„ is a rooted 2p-angulation uniformly 
distributed over A4^, Mn is the associated DMGB as defined in subsection 3.1, fn„ is the vertex 
set of Mn and dgr is the graph distance on m„. We also let (m^,D*) be the random metric 
space obtained via the construction of the end of subsection 3.2 with D = D*. 

Proposition 9.2. We have 



in the Gromov-Hausdorff sense. 

Proof: This readily follows from Propositions 3.1 and 3.3 once we know that D — D* in 
these statements. Indeed, Proposition 3.1 shows that from any monotone increasing sequence 
of integers, we can extract a subsequence along which the convergence of the proposition holds, 
and Proposition 3.3 shows that the law of the limit is uniquely determined as the law of 



The limiting random metric space in Proposition 9.2 is called the Brownian map with 
geodesic boundaries. As a motivation for the preceding statement, we expect that this random 
metric space will play an important role in the study of further properties of the Brownian 
map. 

Remark. A result analogous to Proposition 9.2 holds for uniformly distributed triangulations. 
Since we did not introduce DMGBs in the setting of triangulations, we will leave this statement 
to the reader. 

9.3 Questions 

It is very plausible that Theorem 1.1 holds for uniformly distributed g- angulations for any choice 
of the integer q (and even for non-bipartite planar maps distributed according to Boltzmann 




□ 
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weights satisfying suitable conditions). Extending the proof we gave in the case of triangulations 
would require an analog of Proposition 8.2 for the random trees associated with uniformly 
distributed g-angulations. As observed by Miermont [23], such an analog holds, but only for 
a "shuffled" version of the trees, and this is not sufflcient for our purposes. The reason why 
a shuffling operation is needed is the fact that the vectors of label increments in the trees 
associated with ^-angulations are no longer centered when q is odd and g > 5. Nonetheless, it 
is likely that one can avoid the shuffling operation and get a full analog of Proposition 8.2. 

Another interesting question is to extend Theorem 1.1 to triangulations satisfying additional 
connectedness properties (and in particular to type-Il or type-Ill triangulations in the termi- 
nology of [3]). Via the BDG bijections, this would lead to analyzing labeled T-trees with extra 
constraints, for which it is again plausible but not obvious that an analog of Proposition 8.2 
holds. 

Finally, our results raise a number of interesting questions about Brownian motion indexed 
by the CRT. Note that the functions D° and D* are defined in terms of the pair (e, Z). Two 
crucial properties of these random functions are 

D*{a, 6) = if and only if D°{a, h) — 0, for every a,b eTe , a.s. (59) 

and 

D*{U,V)^^ D*{s,,U) (60) 

where U and V are independent and uniformly distributed over [0, 1], and independent of the 
pair (e, U). The equivalence (59) is proved in [15, Theorem 3.4], and (60) appears in Corollary 
7.3 above. In both cases, the proof relies on the use of approximating labeled trees and the 
associated random planar maps. Since (59) and (60) are properties of the pair (e, Z), it would 
seem desirable to have a more direct argument for these statements. A direct proof of (60) in 
particular would yield a simpler approach to our main result Theorem 1.1 along the lines of 
subsection 8.3. 



10 Appendix 

In this appendix, we prove Lemma 2.2 and Lemma 5.1, which are both concerned with properties 
of the Brownian snake. It will be convenient to argue under the excursion measure No of 
the one-dimensional Brownian snake (see in particular [13]). Recall that the Brownian snake 
{Ws)s>o is a strong Markov process taking values in the space W of all stopped paths. Here 
a stopped path is simply a continuous map w : [0,(] — ^ where ( = is called the 
lifetime of w. We write w = w{((^yj)) for the endpoint of the path w. We may and will assume 
that {Ws)s>o is defined on the canonical space C(M+, W) of continuous functions from R+ into 
W, and we write Cs C{Ws) for ^^e lifetime of Wg. Under No, the lifetime process (Cs)s>o is 
distributed according to Ito's measure of positive excursions of linear Brownian motion. We 
use the notation a = sup{s > : > 0} for the duration of the excursion. For every r > 0, 
wc set Sr = inf{s > : Wg = —r}. This is consistent with our previous notation since under 
the conditional measure No(- | a = 1) the pair {Cs,^s)o<s<i has the same distribution as the 
process (e^^, Zs)o<s<i of the preceding sections. For every t >0,Qt denotes the u-field generated 
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by (W^s)O < s <t). We will use the explicit form of the distribution of Ws^ under Nq, which 
follows from the results of [11, Section 4.6]. We first recall [13, p. 91] that 

No{Sr < oo) = No(inf I?, < -r) = J^. (61) 

If {Bt)t>o denotes a standard linear Brownian motion, the random path {Ws^{t),0 < t < (sr) 
is distributed under No(- | Sr < oo) as the solution of the stochastic differential equation 

r dXt = dBt-^dt 

stopped when it first hits —r. Equivalently, (r + Ws^{t)^0 ^t< (sr) is a Bessel process with 
index — | started from r and stopped when it hits 0. By a classical reversal theorem of Williams 
[29, Theorem 2.5], the reversed path (r + Ws^{Csr — t),0 < t < (sr) is distributed as a Bessel 
process with index |, or equivalently with dimension 7, started from and stopped at its last 
passage time at level r. To simplify notation, we will set 

The definition of Y^^''> makes sense under No(- | Sr < oo). 

Applying the strong Markov property at Sr will lead us to consider the Brownian snake 
"subexcursions" branching from Ws^ after time Sr (this really corresponds to the subtrees 
branching from the right side of the ancestral line of Pe{Sr) that were discussed at the beginning 
of Section 5, with the difference that we now argue under the excursion measure). We consider 
all nontrivial subintervals {v,v') of [<S'r,(7] such that 

= = inin Cs ■ 

se[Sr,v'] 

We let {vi, v'j)i^i be the collection of all these intervals. For every i e I we define a path-valued 
process {Wl)s>o by setting 

W:{t) = W^(.,+s)A.^(C.. +t)- W,^iC.J , < t < C := Ck+s)a.^ - c... 
Then, under the probability measure No(- | Sr < oo), conditionally on Qs^, the point measure 

is Poisson with intensity 2 l[o^(^g^]{t)dtNo{du) . This follows from Lemma V.5 in [13] after ap- 
plying the strong Markov property of the Brownian snake [13, Theorem IV.6] at time Sr- 

Proof of Lemma 2.2: We start by explaining how the bound of the lemma can be reduced to 
an estimate under the excursion measure. We write P for the probability measure No(- | a — 1). 
For every t < 1, the restriction of P to Qt is absolutely continuous with respect to the restriction 
of No to the same ci-ficld. This readily follows from the analogous property for the law of the 
normalized Brownian excursion and the Ito measure. Moreover, the Radon-Nikodym derivative 
of P\g^ with respect to Noig^ is bounded above by a constant depending only on t. 
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We then observe that the event 

{Sr<l-K}n^^ sup Ws>-r + y/e^ 

is measurable with respect to Qi-^- If we are able to bound the No-measure of this event, 
we will immediately get the same bound for its P-measure, up to a multiplicative constant 
depending on k,. So, using the above-mentioned fact that the law of (Cs, Ws)o<s<i under P is 
the same as the law of the process (e^, Zs)o<s<i of the preceding sections, it suffices to verify 
that the No-measure of the latter event satisfies the bound of Lemma 2.2. 

To this end, it is enough to prove that for r G [p,, A] and e G (0, n/2), 

No (Sr+e < oo, sup > -r + V^) < Ca,^, (62) 

with ^ G (0, 1) and a constant Ca,h depending only on A and ji. We use the notation introduced 
at the beginning of this Appendix, and we also set (in this proof only) : 

) = inf{t > : Yi"-^ = 2-'}, 

for every integer i > such that 2~^ < r. 

For every e G (0, 1), let io{e) and ii{e) be the nonnegative integers such that 

Define two events and by 

A,., = {S. < oc} n ( U { W ( taf Wl) < -2 . 2-'}) , 

B(e) ^{Sr<00}n\ sup ( SUp wA < ^ j • 

We may assume that e is small enough so that e^/^ <IV£- Then if B(^,) holds, one immediately 

checks that Ws < —r + ^/e for 5,. < s < inf{t > Sr : Ct = Csr ~ "^e^le)}- other hand, 

if yl(£) holds, there is a value of s in the same interval such that Wg < —r — e. By combining 
these observations, we get 

(A(^) n S(£)) C \Sr+e < OO, sup Ws < -r + y/l} 

and therefore 

I^^Sr+e < oo, sup > -r + v^} C (j^Sr < Oo}\A(,)) U (^{Sr < Oo}\P(e)). 

In view of proving (62), we bound separately No({5'r < oo}\A(£)) and No({5'r < oo}\i?(£)). 
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Prom the exponential formula for Poisson measures, and formula (61), we have first 

S'r < OO 



No{{Sr < oo}\5(,)) = NoiSr < oo) Nq (l - exp ( - 3(^/i/2)-2T/;^) 
= No{Sr < oo) e[i - exp ( - 12£-^2-2^i(") T(i) 



< No{Sr <oo)E 1 - exp - 12e^/^T^i)^ 



where, for every u > 0, T(^u) stands for the hitting time of w by a seven-dimensional Bessel 

process started from 0, and we used the scaling property T(„) = m^T(i). Clearly the right-hand 

side is bounded above by a constant times e^^'^ (we use the fact that T(i) has moments of any 
order) . 

Then, 

Sr < OO^ 



No({-5, <oo}\A(,)) = No(-5, <oo)No( n exp(-3(T,('-)-ri;\)(2-2-0-') 
= No(-S, <oo) H E[exp(--22^(T(2-.)-T(2-.-i))) 



e=ei{e) 



- NoiSr < oo) E[exp(-^(r(i) - r(i/2))) 



using the strong Markov property and the scaling property of the Bcsscl process. Since 
£^[exp( — |(T(i) — ^(1/2))] < 1 and since io{e) — ii{s) behaves like a constant times log(l/£) 
when e is small, we arrive at the desired bound. This completes the proof. □ 

Proof of Lemma 5.1: In this proof, C will denote a constant (which may depend on fi,A 
and K, but not on r) that may vary from line to line. As explained previously, we can assume 
that = Cs and Zs = Ws, under the probability measure P = No(- | a = 1). We then observe 
that, for every integer i > £o, the event Ee is measurable with respect to Gi-k/2- Thanks to this 
observation, it will suffice to prove the bound of Lemma 5.1 when the expectation is replaced 
by an integral under Nq. We use the notation introduced at the beginning of the Appendix, 
and we now set 



T, 



(r) 



inf{t > : y}'^ = K-'}, 



'- oo 



0. Finally, for 



for every integer i > such that K ^ < r. By convention, we also put 
every choice of the integers k < k' < oo, such that K~'^ < r, we put 

I{k,k') := {teI:Tl::UCs.-C.<Tlf^}. 

If we view {Cs)o<s<a as coding a real tree, the indices i G I{k, k') correspond to the "subtrees" 
that branch from the ancestral line of the vertex corresponding to Sr at a distance between 
T^r^ and Tjf^ from this vertex. 

Let E'^ be the event defined by the same properties as Ei, except that we remove the bound 
r]j(-t+2{r) < 1 — I in (a). Then of course Ee C E'^, and 

e i 



{ 5] ^ 5Z l^fc} ^ {^^r < 1 - n {vK-imi+2{r) 

k=l£/2} k=ie/2} 
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From the strong Markov property at time Sr, we get that the distribution of ?7^-L^/2j+2(r) — Sr 
under No(- | Sr < oo) coincides with the distribution of the hitting time of 7'|^£/2j-2 
independent hnear Brownian motion starting from 0. Straightforward estimates now give the 
bound 

No{{Sr < 1 - 4 n {rjj,-w.iMr) - Sr > |}) <Cb' 

where the constant b G (0, 1) does not depend on i nor on r. Hence, the proof of the lemma 
reduces to checking the existence of a' e (0, 1) such that, for i > 2£o, 

Finally, thanks to the presence of the indicator function l{Sr<i-K}, we may also replace E'f^ by the 
event Gk, which is defined by the same properties (a)-(f) (without the bound rjK-i+^^r) < 1 — | 
in (a)) but without imposing that Sr <1 — k. Then it will be enough to get the bound 

No (l{5.<oo} a^'^=L^/2J ) < C a'^. (63) 

For every integer ^ > io, let Ai be the event where the following holds: There exists an 
excursion interval {vi,v'^ such that 

(a) iel{e-2,e-l) (or equivalents < Cs. - U < T^'X ); 
(/3) -(ai + (5i)K-^ < mf{Wi, s>0}< -(as + /Saji^"^ ; 
(7) -r + Pi K-^ < W,, <-r + P2 K-^ ] 
(5) inf (miWi]>-a'.K- 

jeI{i-2,E-\)\{i)\s>0 ''J 

(e) there exists t E [(sr - Cv,,T^%] such that y}''^ < aK'^ ; 
{if) K-^^ <v[-Vi<{l + X) K-"^ . 

Then the events A^, £ > io are independent under No(- | -S'r < 00). If we condition on 
Ws^ or equivalently on the random path Y^'^\ this independence property follows from the 
independence properties of Poisson measures, and we can then use the fact that the processes 
{Y f^^^ (r-))t>0) ^ > ^0 are independent, by the strong Markov property of the Bessel process. 

Furthermore, a scaling argument shows that No(A^ | Sr < 00) = c where c > is a constant 
that does not depend on £ (notice that the property /3i < /32 < 4 < ensures that (a) and 
(7) are not incompatible). 

We also set 

Be = \ inf ( inf W^) > -a. K'^} 

and we observe that A^C^ C Gt by construction. So the bound (63) will follow if we can 
verify that 

No(l{s.<oo} a^'^=L^/2J i^fc"^^) < Ca'^. (64) 
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If wc had l^fc instead of lAj-nSfe in (64), this bound would immediately follow from the in- 
dendence properties mentioned above. The events Aj^ fl are not independent, because 
involves all "subtrees" branching above level ~ T^-n but still we will prove that there is 
enough independence to give a bound of the form (64). 

To this end, it will be convenient to modify slightly the definition of Ae and B^. We fix an 
integer g > 1, whose choice will be made precise later, and we restrict our attention to integers 
that are multiples of q. Precisely, for every k > [^J + 1, we let A^ be defined by the same 
properties as Ag^, with the difference that in {S) we require 



It is then immediate that A^ fl Bj. = A^^ H Bq^ and so if we can prove that, for a suitable choice 
of g, and for every £ > 2(L^J + 1), 



the bound (64) will follow (with a different value of a'). 

The events Ak are again independent, and (by scaling) they have the same probability C(g) > 
under No(- | 5"^ < oo). From a standard large deviation estimate, we get 



inf 

jel{qk-2,q{k+l)-2)\{i} 




For the same values of A;, we put 
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<C9i 



(?) 



k=[i/2i 



with some constant 9(^q) e (0, 1). On the other hand, write Hi for the event where we have both 




k=[e/2i 



and 




k=[e/2i 

On the event H(, we have obviously 



e 




W2i 



and therefore 
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Therefore, the proof of (65) will be complete if we can verify that, for a suitable choice of g. 



o[{Sr < 00} n { J2 ^Bc^ - 



(66) 



k=[e/2} 



with some a" e (0, 1) . 

To simplify notation, we write P(^r) instead of No(- | Sr < 00) and E^r) for the associated 
expectation in what follows. We start by observing that C(q) is bounded below by a positive 
constant c' that does not depend on q. Indeed, it follows from independence properties of 
Poisson measures that, for every k > [^J + 1, 



%) = -P(r)(^fc) = P(r){Aqk) X -£^(r) 



exp —2 



p(r) 
qk-1 



(r) 
q(fc+l)-2 



\s>0 /. 



= c^(.)[exp(-2(T(,l, - T^lU)-2)^2K''')] 
= c£;[exp( ^Td))] 

where as above T(i) stands for the hitting time of 1 by a seven-dimensional Bessel process 
started from 0, and we used (61) in the second equality. Wc conclude that C(g) > c' := 
cE[exp{—3K^ {a' 2)~^T(^i))]. Obviously, it is enough to prove (66) with C(q) replaced by c'. 

We now specify the choice of q. To this end, we first note that, if 00 > /c' > /c > £0 and 
X > 0, we have, with the convention T^^ — 0, 



(r) 



ie/(fc,fc') Vs>o 



inf MWn < -x] ^1- E, 



< 1 - 



(r) 



exp 



^l-E 



exp(- 





3 , 1 














3 • 






x'^ 





<M 



K 



-2k 



X^ 



(67) 



where M is a constant. We choose the integer q>2 sufficiently large so that 



Let £ > [^J + 1. We have 



fc=[£/2j 
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where m = [^(\, and the sum in the right-hand side is over all choices of /ci, . . . , k„i such that 
\_i/2\ < ki < k2 < ■ ■ ■ < km < L Obviously the number of such choices is bounded above by 
2^, and so the proof of (66) will be complete if we can verify that, for any choice of fci, . . . , /c^ 
as above, we have _ _ 

P(rm^r^■■■r^BlJ<K-'^^ (68) 

(recall that K > 2 and g|- > 1). We prove by induction that the bound (68) holds for any 
m > 1. If m = 1, we use the bound (67) with k' — oo, k replaced by q{k + 1) — 2 and 
a'2 K~'i^ to get 



Then, if m > 2, 

p.m. n ■ ■ • n Blj < ^(.)(^,,,„„,,tof„„,,„_,,(i5f M-'/) < K-^'')Pirm, n ■ • • n BlJ 

where, for li/2\ <k<k', we use the notation 

b')^} = ( inf ( iniwi) < -a'K-'i^\. 

L 7e/(o(A:'+l)-2,oo) V s>0 ^ J 



The first term in the right-hand side of (69) is bounded by Pi^r){Bf^'^^)Pir){Bl^ n • • • n BlJ. By 
iterating the argument, we obtain 



p^r){Bl n • • • n BlJ < J] P^rMf^) Pir){Bl^,, n • • • n BlJ < J] R-^^-^^ P(.)(i^, 



using the induction hypothesis. On the other hand, the bound (67) gives for k <k' 
by our choice of q. We thus obtain 



2 

j=i j=i 



This completes the proof of (68) and of Lemma 5.1. □ 
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